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Devwudfw

Wklv sdshu frqvlghuv wkh sureohp ri pd{lpl}lqj wkh wrutxh ri shupdqhqw pdjqhw qrq0vdolhqw v|qfkurqrxv

prwruv lq wkh suhvhqfh ri yrowdjh dqg fxuuhqw frqvwudlqwv1 Irupxodv duh jlyhq wkdw hqdeoh d gulyh wr h{wudfw

wkh pd{lpxp wrutxh dydlodeoh iurp d prwru lq uhdo0wlph1 Erwk wkh prwrulqj dqg eudnlqj prghv duh

frqvlghuhg/ dqg lw lv vkrzq wkdw wkh zhoo0nqrzq �hog0zhdnhqlqj irupxod fdqqrw eh xvhg zlwk vrph prwruv1

Dq h{dpsoh lv glvfxvvhg wr looxvwudwh wkh frqwulexwlrqv ri wkh sdshu1

� �������	�
��

Pd{lpl}dwlrq ri wkh wrutxh surgxfhg e| hohfwulf prwruv lv dq lpsruwdqw sudfwlfdo frqvlghudwlrq/ vlqfh rswlpl}d0

wlrq pd| |lhog wkh xvh ri d vpdoohu prwru iru d jlyhq dssolfdwlrq/ ru kljkhu shuirupdqfh iru d jlyhq prwru1 Lq

wklv sdshu/ zh frqvlghu wkh sureohp ri h{wudfwlqj doo wkh dydlodeoh wrutxh iurp shupdqhqw pdjqhw/ qrq0vdolhqw

v|qfkurqrxv prwruv1 Wkhvh prwruv lqfoxgh euxvkohvv GF prwruv dqg vwhsshu prwruv/ dqg duh frpprqo| xvhg

lq urerwlf dssolfdwlrqv1 Dqrwkhu hphujlqj dssolfdwlrq duhd lv lq hohfwulf/ ru k|eulg0hohfwulf yhklfohv/ zkhuh

wrutxh rswlpl}dwlrq lv xvhixo wr nhhs wkh vl}h dqg frvw ri wkh prwru grzq1

Wkh dydlodeoh wrutxh ri hohfwulf prwruv ghfuhdvhv dw kljk vshhg ehfdxvh wkh vrxufh yrowdjh pxvw ryhufrph

wkh lqfuhdvlqj edfn0hpi yrowdjh dw wkh ghwulphqw ri exloglqj xs wkh vwdwru fxuuhqwv1 Pd{lpl}dwlrq ri wkh wrutxh

uhtxluhv wkh xvh ri �hog0zhdnhqlqj zklfk/ iru v|qfkurqrxv prwruv/ pd| eh dfklhyhg rswlpdoo| xvlqj d uhodwlyho|

vlpsoh vwudwhj|1 Wkh uhohydqw irupxod lv ghulyhg dvvxplqj wkdw wkh vshhg lv frqvwdqw/ dq dvvxpswlrq wkdw lv qrw

vdwlv�hg lq sudfwlfh1 Krzhyhu/ wkh vshhg xvxdoo| ydulhv vx!flhqwo| vorzo| frpsduhg wr wkh hohfwulfdo g|qdplfv

wkdw wkh irupxod lv xvhixo ^4`1

Dq lqwhuhvwlqj txhvwlrq lv krz rqh pd| wudqvlwlrq ehwzhhq wkh �hog0zhdnhqlqj vroxwlrq wkdw lv rswlpdo dw

kljk vshhg dqg wkh orz vshhg vroxwlrq/ zklfk lv ghwhuplqhg e| fxuuhqw olplwv udwkhu wkdq yrowdjh olplwv1 Dw

orz vshhg/ wrutxh pd{lpl}dwlrq lv dfklhyhg e| doljqlqj wkh vwdwru fxuuhqw yhfwru +zklfk surgxfhv wkh vwdwru

pdjqhwlf �hog, zlwk wkh gluhfwlrq shushqglfxodu wr wkh urwru*v shupdqhqw pdjqhw/ d vwudwhj| zklfk lv xvxdoo|
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uhihuuhg wr dv txdgudwxuh frqwuro1 Lq ^9`/ lw zdv vkrzq wkdw wudqvlwlrqlqj ehwzhhq wkh wzr vroxwlrqv frxog

qdwxudoo| eh dfklhyhg e| frqvlghulqj wkh rswlpdo frqwuro sureohp xqghu mrlqw yrowdjh dqg fxuuhqw frqvwudlqwv

ryhu wkh zkroh vshhg udqjh1 Wkh uhvxowlqj vwudwhj| lqyroyhg wkh wzr fodvvlfdo vroxwlrqv +txdgudwxuh frqwuro

dw orz vshhg dqg �hog0zhdnhqlqj dw kljk vshhg,/ dqg dq lqwhuphgldwh uhjlrq zkhuh erwk wkh yrowdjh dqg wkh

fxuuhqw olplwv zhuh dfwlyh1 Wkh sdshu surylghg dojrulwkpv wr frpsxwh wkh vshhgv dw zklfk wudqvlwlrqv rffxuuhg

ehwzhhq wkh wkuhh prghv/ dqg ghvfulehg wkh frqwuro vwudwhjlhv uhtxluhg lq hdfk fdvh1 H{shulphqwv zhuh uhsruwhg

wkdw ghprqvwudwhg wkh xvh ri wkh whfkqltxhv rq d vwhsshu prwru1

Lq wklv sdshu/ zh h{sdqg wkh uhvxowv ri ^9` lq wzr zd|v1 Iluvw/ zh frqvlghu wkh fdvh ri eudnlqj +qhjdwlyh

wrutxh iru srvlwlyh vshhg,/ dv zhoo dv prwrulqj1 Dowkrxjk gl�huhqfhv ehwzhhq wkh wzr fdvhv duh vpdoo iru

odujh prwruv/ wkh rswlpdo vroxwlrqv duh qxphulfdoo| gl�huhqw/ dqg qrwlfhdeo| vr iru vpdoo prwruv1 Vhfrqg/ zh

frqvlghu fdvhv wkdw zhuh qrw lqyhvwljdwhg ehiruh/ ehlqj frqvlghuhg xqolnho| wr rffxu lq sudfwlfh1 Dowkrxjk wklv

dvvxpswlrq zdv uhdvrqdeoh iru vwhsshu prwruv/ h{dpsohv ri euxvkohvv GF prwruv zhuh irxqg wkdw idoo lqwr

wklv xqh{shfwhg fdwhjru|1 D vxusulvlqj e|0surgxfw ri wkh dqdo|vlv lv wkdw vrph prwruv qhyhu uhdfk wkh vhfrqg

wudqvlwlrq vshhg/ l1h1/ wkdw wrutxh rswlpl}dwlrq dw kljk vshhg lv dozd|v frqvwudlqhg e| erwk wkh fxuuhqw dqg

yrowdjh olplwv1 Lq vxfk fdvhv/ wkh wudglwlrqdo �hog zhdnhqlqj irupxod fdqqrw eh dssolhg/ dqg pxvw eh uhsodfhg

e| wkh irupxod surylghg lq wklv sdshu1 Dq h{dpsoh lv surylghg wr ghprqvwudwh wkh dssolfdwlrq ri wkh uhvxowv

lq d sudfwlfdo sureohp1

� ���� �� �� ����� ��� ������ �������

Frqvlghulqj wkh dssolfdwlrq wr d euxvkohvv GF prwru/ zh ehjlq zlwk wkh prgho ri d wkuhh0skdvh v|qfkurqrxv

prwru/ dv jlyhq lq ^5`
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OV lv wkh vhoi0lqgxfwdqfh ri d vwdwru zlqglqj/ P lv wkh frh!flhqw ri pxwxdo lqgxfwdqfh ehwzhhq wkh skdvhv/

Np lv wkh wrutxh2edfn0hpi frqvwdqw/ U lv wkh uhvlvwdqfh ri d vwdwru zlqglqj/ M lv wkh prphqw ri lqhuwld ri wkh

urwru/ �O lv wkh ordg wrutxh/ � lv wkh urwru dqjxodu srvlwlrq/ $ lv wkh urwru vshhg dqg qs lv wkh qxpehu ri sroh

sdluv +ru wkh qxpehu ri urwru whhwk iru d vwhsshu prwru,1 Li wkh skdvhv zhuh shuihfwo| frxsohg/ rqh zrxog kdyh

P @ OV@51
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Wkh srzhu0suhvhuylqj wkuhh0skdvh wr wzr0skdvh wudqvirupdwlrq lv gh�qhg e|
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dqg wudqvirupv wkh ruljlqdo prgho lqwr wkh htxlydohqw prgho

+OV .P,
gld

gw
@ yd �Uld .

u
6

5
Np$ vlq+qs�, +:,

+OV .P,
gle

gw
@ ye �Ule �

u
6

5
Np$ frv+qs�, +;,

+OV � 5P,
gl3

gw
@

4
s
6

y3 �
4
s
6

Ul3 +<,

M
g$

gw
@ �

u
6

5
Npld vlq+qs�, .

u
6

5
Nple frv+qs�,� �O +43,

Iru d edodqfhg wkuhh0skdvh v|vwhp lq zklfk y3 @ yV4. yV5. yV6 @ 3> l3 @ lV4. lV5. lV6 @ 3/ rqh rewdlqv wkh

wzr0skdvh htxlydohqw prgho jlyhq e|

O
gld

gw
@ yd �Uld .N$ vlq+qs�, +44,

O
gle

gw
@ ye �Ule �N$ frv+qs�, +45,

M
g$

gw
@ �Nld vlq+qs�, .Nle frv+qs�,� �O +46,

zkhuh O @ OV .P +dssur{lpdwho| 6OV@5,/ N @

s
6@5Np/ ld dqg le duh wkh htxlydohqw fxuuhqwv lq skdvhv d

dqg e> uhvshfwlyho|1

Ohwwlqj Yexv ghqrwh wkh GF exv yrowdjh ri d 60skdvh lqyhuwhu/ wkh pd{lpxp yrowdjh rxw ri wkh lqyhuwhu lv

rewdlqhg lq vl{ vwhs prgh/ uhvxowlqj lq d shdn ri wkh ixqgdphqwdo zdyhirup htxdo wr ypd{ @ +5@�,Yexv/ zklfk

lv wkh pd{lpxp skdvh yrowdjh1 Zlwk lpd{ dqg ypd{ ghqrwlqj wkh olplwv ri wkh 60skdvh fxuuhqwv dqg yrowdjhv/

uhvshfwlyho|/ wkh fruuhvsrqglqj olplwv Lpd{> Ypd{ iru wkh htxlydohqw 50skdvh prwru duh

Lpd{ @

u
6

5
lpd{ +47,

Ypd{ @

u
6

5
ypd{ @

u
6

5

5

�
Yexv +48,

Wkh gluhfw0txdgudwxuh ru gt wudqvirupdwlrq lv xvhixo wr dqdo|}h wkh surshuwlhv ri wkh prwru dqg lv jlyhq e|

�
lg
lt

�
@

�
frv+qs�, vlq+qs�,

� vlq+qs�, frv+qs�,

� �
ld
le

�
+49,

�
yg
yt

�
@

�
frv+qs�, vlq+qs�,

� vlq+qs�, frv+qs�,

� �
yd
ye

�
+4:,
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zkhuh lg/ lt dqg yg> yt duh wkh wudqviruphg fxuuhqwv dqg yrowdjhv/ uhvshfwlyho|/ lq wkh gt +iru gluhfw dqg

txdgudwxuh, uhihuhqfh iudph1 Wkh vwdwh0vsdfh prgho lq wkh gt frruglqdwhv lv

O
glg

gw
@ yg �Ulg . qs$Olt +4;,

O
glt

gw
@ yt �Ult � qs$Olg �N$ +4<,

M
g$

gw
@ Nlt � �O +53,

g�

gw
@ $= +54,

Wklv prgho dvvxphv wkdw wkh urwru lv vprrwk +qrq0vdolhqw, dqg wkdw wkh pdjqhwlfv duh olqhdu1 Iru frqvwdqw

vshhg $/ htxdwlrqv +4;, wr +53, |lhog

yg @ Ulg � qs$Olt +55,

yt @ Ult . qs$Olg .N$ +56,

Nlt @ �O= +57,

Wkh sureohp xqghu frqvlghudwlrq lv wkh pd{lpl}dwlrq ri wkh hohfwulfdo wrutxh Nlt zlwklq wkh yrowdjh dqg

fxuuhqw frqvwudlqwv1 Wkh yrowdjh dqg fxuuhqw frqvwudlqwv duh lqfrusrudwhg lqwr wkh sureohp vwdwhphqw e| xvlqj

wkh idfw wkdw/ dw frqvwdqw vshhg/ wkh skdvh yrowdjhv dqg wkh skdvh fxuuhqwv duh vlqxvrlgdo/ zlwk shdn pdjqlwxghv

jlyhq e|
t
y5g . y5t dqg

t
l5g . l5t uhvshfwlyho|1 Wkhuhiruh/ wkh skdvh yrowdjhv erxqghg e| Ypd{ dqg wkh skdvh

fxuuhqwv erxqghg e| Lpd{/ |lhog frqvwudlqwv lq wkh GT yduldeohv jlyhq e|

Y @

t
y5g . y5t � Ypd{ +58,

L @

t
l5g . l5t � Lpd{= +59,

� ����� ���
�
���
��

��� ��� ����� ��� �����
�
�� ����

Ehfdxvh wkh wrutxh pd|/ lq wkhru|/ eh pdgh duelwudulo| odujh e| lqfuhdvlqj wkh yrowdjh dqg fxuuhqw ohyhov/

rswlpdo rshudwlrq xqghu frqvwudlqwv lv dozd|v dfklhyhg zlwk wkh olplwv rq +hlwkhu ru erwk, wkh fxuuhqwv dqg

yrowdjhv ehlqj uhdfkhg1 D w|slfdo prwru lv fkdudfwhul}hg e| wkuhh udqjhv ri vshhg= d orz0vshhg udqjh zkhuh

rshudwlrq lv frqvwudlqhg e| wkh fxuuhqw olplw rqo|/ dq lqwhuphgldwh vshhg udqjh zkhuh rshudwlrq lv frqvwudlqhg

e| erwk wkh yrowdjh dqg wkh fxuuhqw olplw/ dqg d kljk0vshhg udqjh zkhuh rshudwlrq lv frqvwudlqhg e| wkh yrowdjh

olplw rqo|1 Li wkh fxuuhqw olplw lv yhu| kljk +Lpd{ A Ypd{@U,/ lw lv srvvleoh iru wkh zkroh vshhg udqjh wr eh

frqvwudlqhg e| wkh yrowdjh olplw dorqh1 Krzhyhu/ wklv lv qrw w|slfdoo| wkh fdvh1

Dw d vshfl�f vshhg/ wrutxh pd{lpl}dwlrq zloo eh dfklhyhg iru d vshfl�f fkrlfh ri lg dqg lt +iru d fxuuhqw0

frqwuroohg gulyh,/ ru d vshfl�f fkrlfh ri yg dqg yt +iru d yrowdjh0frqwuroohg gulyh,1 Wkh rswlpdo ydoxhv duh
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ghqrwhg e| l�g/ l
�

t / y
�

g/ dqg y�t 1 Nqrzlqj zkdw wkh vroxwlrq lv lq hdfk ri wkh vshhg udqjhv/ lw uhpdlqv wr

ghwhuplqh zkdw wkh erxqgdulhv ri wkrvh udqjhv duh lq rughu wr ghwhuplqh zklfk vroxwlrq lv wr eh dssolhg1 Wkh

wzr vshhgv zkhuh rqh wudqvlwlrqv iurp rqh w|sh ri frqvwudlqw wr dqrwkhu duh uhihuuhg wr dv wkh �uvw dqg vhfrqg

wudqvlwlrq vshhgv/ dqg ghqrwhg dv $4 dqg $5/ uhshfwlyho|1 Wkhvh vshhgv fdq eh fdofxodwhg diwhu kdylqj rewdlqhg

wkh irup ri wkh rswlpdo vroxwlrq lq hdfk vshhg udqjh1 Lq wkh dqdo|vlv wkdw iroorzv/ rqo| wkh fdvh $ � 3 zloo eh

frqvlghuhg ehfdxvh vwudljkwiruzdug v|pphwu| dujxphqwv zloo hdvlo| |lhog wkh fdvh $ � 3=

���  �� �! ���
�
���
�� "
����� �� #�����  ������
��

Iluvw frqvlghu wkh fdvh zkhuh rqo| wkh fxuuhqw frqvwudlqw lv dfwlyh1 Lq wklv fdvh/ wkh rswlpxp l�g pxvw eh }hur

wr pd{lpl}h wkh fxuuhqw lt1 Wkh ryhudoo vroxwlrq lv vlpso|

l�g @ 3 +5:,

l�t @ 	Lpd{ +5;,

y�g @ 	+�qs$OLpd{, +5<,

y�t @ 	ULpd{ .N$= +63,

zkhuh wkh srvlwlyh vljq lv fkrvhq iru srvlwlyh wrutxh dqg wkh qhjdwlyh vljq lv fkrvhq iru qhjdwlyh wrutxh1

���  �� �! ���
�
���
�� "
����� ��  �����  ������
��

Wrutxh pd{lpl}dwlrq xqghu wkh yrowdjh frqvwudlqw dorqh |lhogv d vroxwlrq zklfk lv uhihuuhg wr dv rswlpdo �hog0

zhdnhqlqj dqg lv zhoo0nqrzq +fi1 ^5`/ s1 5991,1 Wr rewdlq wkh vroxwlrq/ rqh vroyhv +55, dqg +56, iru lg dqg lt/

vr wkdw �
lg
lt

�
@

4

]

�
Uyg . qs$O+yt �N$,

�qs$Oyg .U+yt �N$,

�
> +64,

zkhuh ] @ U5
. +qs$O,

5= Li rqh gh�qhv Y dqg � vr wkdw yg @ Y frv +�,> yt @ Y vlq +�,> wkh fxuuhqw lt lv jlyhq

e|

lt @
�qs$OY frv +�, .UY vlq +�,�N$U

]
= +65,

Htxdwlrq +65, vkrzv wkdw wkh pd{lpxp fxuuhqw lt/ dqg wkhuhiruh wkh pd{lpxp hohfwulfdo wrutxh/ lv rewdlqhg

iru

Y @ 	Ypd{

g
g�

+�qs$O frv +�, .U vlq +�,, @ 3= +66,

zkhuh wkh srvlwlyh vljq lv fkrvhq iru srvlwlyh wrutxh dqg wkh qhjdwlyh vljq lv fkrvhq iru qhjdwlyh wrutxh1 Vroylqj

wkh vhfrqg ri wkhvh htxdwlrqv jlyhv wdq +�
�

, @ �U@+qs$O,= Wkh rswlpdo y�g dqg y�t wkhuhiruh vdwlvi|

y�g
y�t

@
�qs$O

U
@

4

wdq +�
�

,
= +67,
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Wklv htxdwlrq jlyhv wkh ydoxh ri wkh rswlpdo ohdg dqjoh iru yrowdjh0frqwuroohg gulyhv1 Htxdwlrq +67, |lhogv

vlq +��, @ U@
s
]> frv +��, @ �qs$O@

s
] dqg wkhuhiruh

y�g @ 	
�qs$Os

]
Ypd{ +68,

y�t @ 	
U
s
]
Ypd{= +69,

Iru d fxuuhqw0frqwuroohg gulyh/ rqh �qgv l�g/ xvlqj +64, dqg +67,/ vr wkdw

l�g @ �
+qs$O, +N$,

]
> +6:,

zklfk fdq eh ylhzhg dv wkh rswlpdo �hog zhdnhqlqj fxuuhqw1 Xvlqj +65, dqg wkh deryh h{suhvvlrqv iru

vlq +��,> frv +��, zlwk Y @ 	Ypd{ uhvxowv lq

l�t @
	Ypd{

s
] �N$U

]
= +6;,

Qrwh wkdw li U @ 3/ wkhq wkh prwrulqj dqg eudnlqj txdgudwxuh fxuuhqwv duh wkh qhjdwlyh ri hdfk rwkhu1

��$  �� �! ���
�
���
�� ���� #����� ���  �����  ������
���

Lq wkh fdvh zkhuh erwk wkh yrowdjh dqg wkh fxuuhqw frqvwudlqwv duh dfwlyh/ wkh rswlpl}dwlrq uhgxfhv wr wkh

vroxwlrq ri d v|vwhp ri dojheudlf htxdwlrqv/ ehfdxvh wkhuh duh dv pdq| frqvwudlqwv dv ghjuhhv ri iuhhgrp1 Wkh

vwhdg|0vwdwh htxdwlrqv +55,/ +56,/ zlwk y5g . y5t @ Y 5

pd{/ |lhog

]+l5g . l5t, .N5$5 . 5UN$lt . 5qsON$5lg @ Y 5

pd{= +6<,

Holplqdwlqj lg xvlqj l
5

g . l5t @ L5pd{ ohdgv wr d txdgudwlf htxdwlrq iru l�t ri wkh irup

�l�t
5
. �l�t . � @ 3> +73,

zlwk

� @ 7U5$5N5
. 7q5s$

7O5N5 +74,

� @ �7UN$+Y 5

pd{ �N5$5 � ]L5pd{, +75,

� @ +Y 5

pd{ �N5$5 � ]L5pd{,
5 � 7L5pd{q

5

s$
7O5N5= +76,

Lq wklv fdvh +zkhuh erwk wkh yrowdjh dqg wkh fxuuhqw frqvwudlqwv duh dfwlyh,/ �5 � 7�� � 3/ dqg htxdwlrq

+73, kdv wzr uhdo urrwv

l�t @
�� 	

s
�5 � 7��

5�
+77,
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zlwk wkh srvlwlyh vljq iru prwrulqj dqg wkh qhjdwlyh vljq iru eudnlqj1 Wkh rwkhu fruuhvsrqglqj yduldeohv fdq

eh ghwhuplqhg iurp l�t xvlqj

l�g @ �
t
L5pd{ � +l�t,

5 +78,

y�g @ Ul�g � qs$Ol
�

t +79,

y�t @ Ul�t . qs$Ol
�

g .N$= +7:,

Djdlq/ qrwh wkdw li U @ 3 vr wkdw � @ 3/ wkh prwrulqj dqg eudnlqj txdgudwxuh fxuuhqwv duh mxvw wkh qhjdwlyh

ri hdfk rwkhu1

��% &
��� �����
�
�� ��� ��

Wkh �uvw wudqvlwlrq vshhg $4 fdq eh irxqg e| fdofxodwlqj wkh ydoxh ri wkh vshhg iru zklfk wkh yrowdjh olplw lv

uhdfkhg xqghu wkh rswlpdo vroxwlrq rewdlqhg zlwk rqo| wkh fxuuhqw frqvwudlqw1 Zlwk y5g . y5t @ Y 5

pd{/ +5<, dqg

+63, |lhog d txdgudwlf htxdwlrq iru wkh �uvw wudqvlwlrq vshhg

+N5
. +qsOLpd{,

5
,$5

4
. 5UNLpd{$4 @ Y 5

pd{= +7;,

Wkh htxdwlrq kdv wzr uhdo urrwv $4srv A 3 dqg $4qhj ? 31 Wkh srvlwlyh urrw $4srv fruuhvsrqgv wr wkh fdvh ri

srvlwlyh wrutxh1 Wkh qhjdwlyh urrw fruuhvsrqgv wr wkh eudnlqj prgh/ wkdw lv/ m$4qhjm lv wkh wudqvlwlrq vshhg

zkhq lt @ �Lpd{1 Iru U @ 3/ $4qhj @ �$4srv1

��' �	��� �����
�
�� ��� �2

Wkh vhfrqg wudqvlwlrq vshhg $5 fdq eh fdofxodwhg e| �qglqj wkh ydoxh ri wkh vshhg vxfk wkdw wkh rswlpxp

vroxwlrq rewdlqhg zlwk wkh yrowdjh frqvwudlqw dorqh uhdfkhv wkh fxuuhqw olplw1 Zh zloo vkrz wkdw d fxelf htxdwlrq

fdq eh rewdlqhg/ vr wkdw wkh vroxwlrq fdq eh fdofxodwhg h{dfwo| xvlqj vwdqgdug irupxodv1 Xvlqj +6:,/ +6;,/ dqg

l5g . l5t @ L5pd{/ rqh �uvw �qgv wkdw

]
�
Y 5

pd{ . +N$,5 � ]L5pd{

�
@ 	5N$UYpd{

s
] +7<,

dqg/ fdqfhoolqj wkh vtxduh0urrw whup dqg vtxdulqj erwk vlghv/

]
�
+Y 5

pd{ �U5L5pd{,� +q5sO
5L5pd{ �N5

,$5
�5

@ +5NUYpd{,
5$5= +83,

D fxelf htxdwlrq lv rewdlqhg iru $5
5
/ ri wkh irup

+{� d,5+{. e, @ f{> +84,

:



- b a

Iljxuh 4= Frpsohphqwdu| urrw0orfxv zkhq d A 3

zkhuh

{ @ $5
5

+85,

d @
Y 5

pd{ �U5L5pd{

q5sO
5L5pd{ �N5

+86,

e @
U5

+qsO,5
+87,

f @
+5NUYpd{,

5

+qsO,5+q5sO
5L5pd{ �N5,5

= +88,

Wr vwxg| wkh urrwv ri htxdwlrq +84,/ zh uhduudqjh lw dv

4� f
{

+{� d,5+{. e,
@ 3 +89,

dqg frpsxwh wkh urrw orfdwlrqv xvlqj wkh surshuwlhv ri wkh frpsohphqwdu| urrw0orfxv/ l1h1/ wkh urrw0orfxv

fruuhvsrqglqj wr d }hur dw { @ 3/ srohv dw { @ �e dqg { @ d +grxeoh sroh,/ dqg d qhjdwlyh jdlq n @ �f1 Wklv

dqdo|vlv lv qrz eurnhq grzq lqwr wzr fdvhv1

61914 Fdvh 4= d A 3

Wkh prvw frpprq vlwxdwlrq lv wkh rqh lq zklfk d A 31 Wkh txdqwlw| Y 5

pd{ � U5L5pd{ A 3 iru dq| sudfwlfdo

prwru/ vr wkdw wkh fdvh d A 3 dfwxdoo| lpsolhv wkdw q5sO
5L5pd{ � N5 A 31 Lq wklv fdvh/ wkh frpsohphqwdu|

urrw0orfxv lv vkrzq lq Ilj1 4= Iru f A 3/ wkhuh lv rqh qhjdwlyh urrw { ? �e/ d srvlwlyh urrw { ? d/ dqg d srvlwlyh

urrw { A d1 Dv { @ $5
5
/ wkh urrw { ? �e lv h{wudqhrxv dqg wkhuhiruh ljqruhg1 Wr xqghuvwdqg zklfk ri wkh rwkhu

wzr urrwv pd| dsso|/ zh uhwxuq wr wkh ruljlqdo htxdwlrq +7<, dqg uhduudqjh lw dv

]
�
q5sO

5L5pd{ �N5
��Y 5

pd{ �U5L5pd{

q5sO
5L5pd{ �N5

� $5
�

@ 	5N$UYpd{

s
] +8:,

Wklv h{suhvvlrq vkrzv wkdw wkh urrw vdwlvi|lqj { ? d fruuhvsrqgv wr srvlwlyh wrutxh +.Ypd{, zkloh wkh urrw

vdwlvi|lqj { A d fruuhvsrqgv wr wkh qhjdwlyh wrutxh +�Ypd{,1

61915 Fdvh 5= d ? 3

Wkh vroxwlrqv ri +89,/ ru htxlydohqwo| +84,/ zkhq d ? 3 duh qrz frqvlghuhg1 Wklv fdvh uhtxluhv N A qsOLpd{

zklfk lv xqolnho| wr rffxu lq vwhsshu prwruv ehfdxvh ri wkh odujh qxpehu ri sroh sdluv1 Wkhuhiruh/ lw zdv qrw

;



lqyhvwljdwhg lq ^9`1 Krzhyhu/ zh zloo vkrz dq h{dpsoh ri d euxvkohvv GF prwru wkdw idoov lqwr wklv fdwhjru|1

Zh zloo vkrz wkdw lq wkh fdvh d ? 3/ wkhuh lv qhyhu d vhfrqg wudqvlwlrq vshhg lq eudnh prgh/ zkloh lq wkh

prwru prgh/ wkhuh lv hlwkhu qr vhfrqg wudqvlwlrq vshhg/ ru wzr vhfrqg wudqvlwlrq vshhgv +wkdw lv/ wzr vshhgv

$54dqg $55 zkhuh wkh v|vwhp wudqvlwlrqv ehwzhhq wkh Y @ Ypd{ frqvwudlqw uhjlrq dqg wkh Y @ Ypd{> L @ Lpd{

frqvwudlqw uhjlrq,

Lq wkh fdvh d ? 3> wkh frpsohphqwdu| urrw0orfxv lv vkrzq lq Ilj1 51 Wkh euhdn0dzd| srlqwv duh wkh urrwv ri

gf

g{
@

g

g{

+{� d,5+e. {,

{
@

+{� d,+5{5 . e{. de,

{5
@ 3= +8;,

Wkh wzr vroxwlrqv ri wklv htxdwlrq wkdw ehorqj wr wkh frpsohphqwdu| urrw0orfxv duh

{e @ d

{e @
�e.

s
e5 � ;de

7
= +8<,

Wkh vhfrqg urrw lv wkh euhdn0dzd| srlqw rq wkh srvlwlyh uhdo d{lv1 Iru urrwv ri +89, wr eh uhdo dqg srvlwlyh/ wkh

jlyhq ydoxh ri f pxvw eh juhdwhu wkdq ru htxdo wr wkh ydoxh fruuhvsrqglqj wr wkh euhdn0dzd| srlqw1 Lq rwkhu

zrugv/ wkhuh duh wzr srvlwlyh urrwv {54> {55 ri +89, vdwlvi|lqj {54 ? {e dqg {55 A {e li dqg rqo| li

4� f
{e

+{e � d,5+e. {e,
A 3= +93,

Qrwh wkdw/ dv d ? 3 +vr wkdw q5sO
5L5pd{ � N5 ? 3,> erwk {54dqg {55 vdwlvi| +8:,/ ru htxlydohqwo| +7<,/ zlwk

. vljq fkrvhq +l1h1/ .Ypd{, udwkhu wkdq wkh � vljq +l1h1/ �Ypd{,= Lq rwkhu zrugv/ erwk wudqvlwlrq vshhgv

$54 @
s
{54> $55 @

s
{55 duh dvvrfldwhg zlwk wkh prwrulqj prgh +dv rssrvhg wr wkh fdvh d A 3 zkhuh wkh| zhuh

vsolw ehwzhhq wkh wzr prghv,1 Dv d uhvxow/ wkhuh lv qr vhfrqg wudqvlwlrq vshhg lq wkh eudnh prgh1 Lq prwru

prgh/ wkhuh duh dfwxdoo| irxu vshhg udqjhv lq wklv fdvh1 Wkh| duh/ lq rughu ri lqfuhdvlqj vshhg/ frqvwudlqhg e|=

+4, fxuuhqw olplwv> +5, fxuuhqw dqg yrowdjh olplwv> +6, yrowdjh olplwv> +7, fxuuhqw dqg yrowdjh olplwv1

Dowkrxjk k|srwkhwlfdo prwru sdudphwhuv fdq eh vhohfwhg wr rewdlq wkh fdvh zlwk d ? 3 dqg wzr vhfrqg

wudqvlwlrq vshhgv/ wkh| gr qrw fruuhvsrqg wr uhdolvwlf prwruv1 Wkh w|slfdo fdvh lv wkh rqh lq zklfk +93, lv

qrw vdwlv�hg/ dqg wkhuh lv qr vhfrqg wudqvlwlrq vshhg lq hlwkhu prwru ru eudnh prgh1 Wkhq/ wkhuh duh rqo|

vshhg udqjhv iru wrutxh rswlpl}dwlrq= d orz vshhg udqjh frqvwudlqhg e| fxuuhqw olplwv/ dqg d kljk vshhg udqjh

frqvwudlqhg e| yrowdjh dqg fxuuhqw olplwv1

$ �
�����
�� ������

Wkh prwru fkrvhq iru frqvlghudwlrq lv wkh EP 833 iurp Dhurwhfk Lqf1 +Slwwvexujk/ SD,1 Lwv sdudphwhu ydoxhv

duh jlyhq e| OV @ <= 6 � 43
�7 K/ P @ OV@5 K/ U @ =58 Rkpv/ M @ 46=< � 43

�8 Q0p0v5>Np @ 3=4<;

Q0p2Dpsv/ qs @ 71 Wkh olplwv duh jlyhq e| lpd{ +frqwlqxrxv, @ 4; Dpsv/ lpd{ +shdn, @ 88 Dpsv/ dqg

Yexv +exv yrowdjh, @ 493 Yrowv1 Wkh prwru ehdulqjv duh udwhg iru 43> 333 usp ru derxw 4333 udgv2vhf1 Zh

<
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Iljxuh 5= Frpsohphqwdu| urrw0orfxv zkhq d ? 3

frqvlghu wklv wr eh wkh pd{lpxp vshhg ri wkh prwru1 Wkh fruuhvsrqglqj htxlydohqw wzr0skdvh sdudphwhuv duh

O @ OV.P @ 47�43
�7 K/ N @ +

s
6@5,Np @ =576 Q0p2Dpsv/ Lpd{+frqwlqxrxv, @ +

s
6@5,lpd{ +frqwlqxrxv,

@ 55 Dpsv/ Lpd{ +shdn, @
s
6@5lpd{ +shdn, @ 9:=7 Dpsv/ Ypd{ @

s
6@5+5@�,Yexv @ 457=; Yrowv1

Lq Iljxuh 6 duh sorwwhg wkh frpsrqhqw wrutxhv iru Lpd{ @ 55 Dpsv +l1h1/ wkh pd{lpxp wrutxh iru wkh wkuhh

fdvhv +4, L @ Lpd{ +5, Y @ Ypd{> dqg +6, L @ Lpd{> Y @ Ypd{, dv d ixqfwlrq ri wkh vshhg $1 Erwk srvlwlyh dqg

qhjdwlyh wrutxhv duh jlyhq1 Wkh fxuyhv jlyh wkh wrutxhv rewdlqhg e| wkh wkuhh vwudwhjlhv/ dffrxqwlqj iru wkh

yrowdjh dqg fxuuhqw olplwv1 Wkh dfwxdo pd{lpxp wrutxh dwwdlqdeoh lv wkh odujhvw ri wkh wkuhh fxuyhv dw hdfk

vshhg +wkh rxwhu hqyhorsh ri wkh fxuyhv,1

Lq wklv fdvh/ wkh �uvw wudqvlwlrq vshhg iru wkh prwru prgh lv 8<5 udgv2vhf/ zkloh wkh �uvw wudqvlwlrq vshhg

iru wkh eudnh prgh lv 968 lv udgv2vhf1 Wkhuh duh qr vhfrqg wudqvlwlrq vshhgv1 Dv rqh fdq vhh iurp wkh judsk/

wkh uhdvrq iru wklv vlwxdwlrq lv wkdw wkh wrutxh fxuyh rewdlqhg zlwk rswlpdo �hog0zhdnhqlqj +Y @ Ypd{, idoov

udslgo| gxh wr wkh fxuuhqw olplw1 Wkh wrutxh lv }hur dw wkh vshhg zkhuh wkh rswlpdo �hog0zhdnhqlqj fxuuhqw lv

htxdo wr wkh pd{lpxp fxuuhqw/ ohdylqj qr wrutxh0surgxflqj fxuuhqw1 Iru wklv uhdvrq/ d vroxwlrq dffrxqwlqj iru

erwk fxuuhqw dqg yrowdjh olplwv pxvw eh xvhg dw kljk vshhg1

Lq Iljxuh 7/ wkh wrutxh fxuyhv duh sorwwhg dv ixqfwlrqv ri wkh vshhg $ iru Lpd{ @ 9:=7 Dpsv +shdn fxuuhqw

olplw,1 Erwk srvlwlyh dqg qhjdwlyh wrutxhv duh jlyhq1 Djdlq/ wkh dfwxdo pd{lpxp wrutxh lv vlpso| wkh pd{lpxp

ri wkh wkuhh fxuyhv dw hdfk vshhg1 Lq wklv fdvh/ wkh �uvw wudqvlwlrq vshhg iru wkh prwru prgh lv 5;; udgv2vhf

zkloh wkh vhfrqg wudqvlwlrq vshhg iru wkh prwru prgh lv 653=9 udgv2vhf1 Wkh �uvw wudqvlwlrq vshhg iru wkh eudnh

prgh lv 673=; udgv2vhf zkloh wkh vhfrqg wudqvlwlrq vshhg iru wkh eudnh prgh lv 6;6 udgv2vhf1

Wkh deryh dqdo|vlv dvvxphg frqvwdqw vshhg/ vwhdg|0vwdwh frqglwlrqv1 Wr vhh krz wklv dssurdfk zrunv xqghu

qrq0frqvwdqw vshhg frqglwlrqv/ d wlph0grpdlq vlpxodwlrq zdv shuiruphg1 Iljxuhv 8/ 9 dqg : vkrz wkh uhvxowv

ri wkh vlpxodwlrq ri wkh prwru zlwk Lpd{ @ 55 Dps +frqwlqxrxv fxuuhqw olplw,/ Ypd{ @ 457=; Yrowv zkhuh wkh

prwru lv gulyhq e| wkh pd{lpxp wrutxh +Nl�t, xqwlo wkh vshhg uhdfkhv dssur{lpdwho| wkh pd{lpxp vshhg 4333

udgv2vhf +43> 333 usp ru wkh udwhg vshhg ri wkh prwru ehdulqjv,1 Wklv uhvxow zdv rewdlqhg e| fkrrvlqj iru wkh

fxuuhqw frppdqgv wkh rswlpdo ydoxhv l�g> l
�

t / zklfk duh sorwwhg dv l�g@Lpd{> l
�

t@Lpd{ lq Iljxuh 81
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Iljxuh 6= Wrutxh fxuyhv dvvrfldwhg zlwk wkh yrowdjh dqg frqwlqxrxv fxuuhqw olplwv
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T o r q u e  c u r v e s ,  I m a x  =   6 7 . 4  

V = V m a x  
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I = I m a x  

V = V m a x ,  I = I m a x  

V = V m a x  

Iljxuh 7= Wrutxh fxuyhv dvvrfldwhg zlwk wkh yrowdjh dqg shdn fxuuhqw olplwv
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Iljxuh 8= Rswlpdo gluhfw dqg txdgwudwxuh fxuuhqwv

Iljxuh 9 vkrzv wkdw wkh prwru uhdfkhv wkh vshhg ri 4333 udgv2vhf lq derxw 73 ploolvhfrqgv1 Wkh qrupdol}hg

pdjqlwxgh ri wkh frppdqghg yrowdjh Ypdj@Ypd{ +zlwk Ypdj @

t
y5g . y5t , dqg fxuuhqw Lpdj@Lpd{ +zlwk Lpdj @t

l5g . l5t, duh vkrzq lq Iljxuh :1 Qrwh wkdw wkh frppdqghg yrowdjh kdv vkdus shdnv zklfk duh juhdwhu wkdq

wkh qrupdol}hg olplw ri 4 dw wkh wlphv zkhq wkh frppdqghg fxuuhqw l�t xqghujrhv vwhs fkdqjhv iurp wkh

pd{lpxp srvlwlyh ydoxh wr wkh pd{lpxp qhjdwlyh ydoxh +ru ylfh0yhuvd,1 Wkh SL fxuuhqw frqwuroohu jlyhq e|

yt @ Ns+l
�

t � lt, .NL

U w
3
+l�t � lt,gw lv frppdqglqj d odujh yrowdjh gxh wr wkh odujh vwhs fkdqjh lq wkh huuru

l�t� lt dw wkhvh srlqwv lq wlph1 Krzhyhu/ wkh yrowdjh dfwxdoo| dssolhg wr wkh prwru lq wkh vlpxodwlrq zdv olplwhg

wr Ypd{> lqglfdwlqj wkdw wkhvh frppdqghg ryhuyrowdjh shdnv kdyh qr h�hfw rq wkh shuirupdqfh1

%  ��	���
���

Wkh sdshu kdv suhvhqwhg d frpsohwh fkdudfwhul}dwlrq ri wkh gt fxuuhqwv dqg yrowdjhv uhtxluhg wr dfklhyh wkh

pd{lpxp wrutxh ri shupdqhqw pdjqhw qrq0vdolhqw v|qfkurqrxv prwruv1 D xvhixo ihdwxuh ri wkh vroxwlrq lv wkdw

lw frqvlvwv ri h{solflw/ dqdo|wlf irupxodv1 Lq idfw/ jlyhq wkdw wkh prvw frpsolfdwhg fdofxodwlrqv duh vtxduh urrwv

dqg fxelf urrwv/ wkh zkroh vhw ri frpsxwdwlrqv frxog eh shuiruphg lq uhdo0wlph li wkh prwru sdudphwhuv zhuh

ghwhuplqhg rq0olqh/ xvlqj dq lghqwl�fdwlrq surfhgxuh vxfk dv ghvfulehg lq ^6`1

Lq jhqhudo/ wkhuh lv dq lqwhuphgldwh vshhg udqjh zkhuh erwk wkh yrowdjh dqg wkh fxuuhqw olplwv duh uhdfkhg1

Frqvlghudwlrq ri wklv vshhg udqjh qrw rqo| surylghv wkh frpsohwh vroxwlrq wr wkh sureohp/ exw dovr surylghv d

vprrwk frqqhfwlrq ehwzhhq wkh vroxwlrqv iru wkh orz dqg kljk vshhg uhjlphv1 Ixuwkhu/ wkhuh duh fdvhv zkhuh
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Iljxuh 9= Vshhg uhvsrqvh
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Iljxuh := Qrupdol}hg pdjqlwxgh ri wkh fxuuhqw dqg frppdqghg yrowdjh
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wkh rswlpdo rshudwlrq dw kljk vshhg lv ghwhuplqhg vroho| e| wkh mrlqw yrowdjh2fxuuhqw olplw vroxwlrq1 Lq vxfk

fdvhv/ wkh frqyhqwlrqdo rswlpdo �hog zhdnhqlqj irupxod qhyhu surylghv wkh rswlpxp wrutxh1

Wkh suhvhqfh ri vshhg udqjhv zkhuh erwk wkh yrowdjh dqg wkh fxuuhqw olplwv zhuh dfwlyh zdv dovr revhuyhg

lq lqgxfwlrq prwruv +vhh ^7`,1 Krzhyhu/ qr dqdo|wlf h{suhvvlrq frxog eh irxqg lq wkdw fdvh/ ehfdxvh ri kljkhu0

rughu sro|qrpldo htxdwlrqv1 D vxevwdqwldo gl�huhqfh h{lvwhg lq lqgxfwlrq prwruv ehwzhhq wkh prwrulqj dqg

jhqhudwlqj prgh1 Iru v|qfkurqrxv prwruv/ wkh gl�huhqfh ehwzhhq wkh prwru dqg eudnlqj fdvhv lv qrw vr juhdw/

exw fdq dovr eh revhuyhg1 Iru U @ 3/ wkh gl�huhqfh glvdsshduv dqg rqh vlpso| vzlwfkhv wkh vljq ri wkh fxuuhqw

lt/ ohdylqj lg lghqwlfdo1

Qrwh wkdw dqrwkhu dssurdfk wr wkh wrutxh rswlpl}dwlrq sureohp zdv uhfhqwo| sursrvhg e| Odzohu hw do1 ^8`1

Lq wkhlu dssurdfk/ wkh skdvh dgydqfh phwkrg zdv prgl�hg wr kdqgoh wkh lqwhuphgldwh uhjlrq +l1h1/ zkhq wkh

v|vwhp lv dw erwk wkh yrowdjh dqg fxuuhqw frqvwudlqwv, e| d qhz lqyhuwhu wrsrorj|1 Lq frqwudvw/ wkh dssurdfk

khuh xvhv d vwdqgdug lqyhuwhu wrsrorj|1

' (	)��"�������

Guv1 Fkldvvrq dqg Wroehuw judwhixoo| dfnqrzohgjh Ere Nrvw ri wkh X1V1 Ghsduwphqw ri Hqhuj| dqg Grq Dgdpv

ri wkh Rdn Ulgjh Qdwlrqdo Oderudwru| iru vxssruwlqj wklv zrun frqwudfw qxpehu XW0E 7333333:641

����	�

^4` Ergvrq/ P1/ Fkldvvrq/ M1Q1/ Qryrwqdn/ U1W1/ ) Uhnrzvnl U1E1/ �Kljk0Shuirupdqfh Qrqolqhdu Ihhgedfn

Frqwuro ri d Shupdqhqw Pdjqhw Vwhsshu Prwru/� LHHH Wudqv1 rq Frqwuro V|vwhpv Whfkqrorj|/ yro1 4/ qr1

41/ 4<<6/ ss1 8 0 471

^5` Ohrqkdug/ Z1 Frqwuro ri Hohfwulfdo Gulyhv/ Vsulqjhu Yhuodj/ Ehuolq/ 4<<31

^6` Eodxfk/ D1/ Ergvrq/ P1/ ) Fkldvvrq/ M1/ �Kljk0Vshhg Sdudphwhu Hvwlpdwlrq ri Vwhsshu Prwruv/� LHHH

Wudqv1 rq Frqwuro V|vwhpv Whfkqrorj|/ yro1 4/ qr1 7/ 4<<6/ ss1 5:305:<1

^7` Ergvrq/ P1/ Fkldvvrq M1/ ) Qryrwqdn/ U1W1/ �D V|vwhpdwlf Dssurdfk wr Vhohfwlqj Rswlpdo Iox{ Uhihuhqfhv

lq Lqgxfwlrq Prwruv/� LHHH Wudqv1 Frqwuro V|vwhpv Whfkqrorj|/ yro1 6/ qr1 7/ 4<<8/ ss1 6;;06<:1

^8` Odzohu/ M1V1/ M1P1 Edloh| dqg M1Z1 PfNhhyhu/ H{whqghg Frqvwdqw Srzhu Vshhg Udqjh ri wkh Euxvkohvv GF

Prwru Wkurxjk Gxdo Prgh Lqyhuwhu Frqwuro/ Rdn Ulgjh Qdwlrqdo Ode Uhsruw/ RUQO2WP053332463/ 53331

^9` Yhuo/ D1 dqg P1 Ergvrq/ �Wrutxh Pd{lpl}dwlrq iru Shupdqhqw Pdjqhw V|qfkurqrxv Prwruv�/ LHHH Wudqv1

rq Frqwuro V|vwhpv Whfkqrorj|/ yro1 9/ qr1 9/ 4<<;/ ss1 :730:781
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Khuh l�g @ 3> l�t @ 	Lpd{ dqg wkh pdjqlwxgh ri wkh yrowdjh uhtxluhg wr dfklhyh wkh pd{lpxp fxuuhqw Lpd{ pxvw

vdwlvi|

+y�g,
5
. +y�t ,

5
@ +�qs$OLpd{,

5
. +ULpd{ .N$,

5

@ ]L5pd{ . 5UN$Lpd{ .N5$5 � Y 5

pd{

Iru kljkhu vshhgv/ wklv frqvwudlqw fdqqrw eh vdwlv�hg dqg wkh fxuuhqw l�t pxvw eh uhgxfhg ehorz Lpd{1 Vhwwlqj

l�t @ L/ wkh pd{lpxp fxuuhqw dydlodeoh iru l�t lv irxqg e| vroylqj

]L5 . 5UN$L .N5$5 @ Y 5

pd{

Vroylqj/

L @

�UN$ 	
t
+UN$,

5
. Y 5

pd{ � ] +N$,
5

]

zkhuh wkh . vljq lv iru prwrulqj dqg wkh � vljq lv iru eudnlqj1 Lq vxppdu|/ zlwk l�g @ 3 wkh gluhfw fxuuhqw

uhihuhqfh dqg

l�t @ 	Lpd{ iru +y�g,
5
. +y�t ,

5 � Y 5

pd{

@

�UN$ 	
t
+UN$,

5
. Y 5

pd{
� ] +N$,

5

]
iru +y�g,

5
. +y�t ,

5 � Y 5

pd{
dqg +UN$,

5
. Y 5

pd{ � ] +N$,
5
A 3

@ 3 rwkhuzlvh1

zlwk . iru prwrulqj dqg � eudnlqj1

*��  �� �

Rshudwlqj xqghu rqo| wkh yrowdjh frqvwudlqw/ wkh rswlpdo �hog zhdnhqlqj fxuuhqw lv jlyhq e|

l�g @ �
+qs$O, +N$,

]

dqg wkh fruuhvsrqglqj txdgudwxuh fxuuhqw lv

l�t @
	Ypd{

s
] �N$U

]

Wklv lv wkh ryhudoo rswlpxp dv orqj dv

+l�g,
5
. +l�t,

5 � L5
pd{
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Li wklv frqvwudlqw lv ylrodwhg/ iru �Lpd{ ? l�g ? 3/ wkhq wkh txdgudwxuh fxuuhqw lv olplwhg wr

l�t @ 	
t
L5
pd{

� +l�g,
5

rwkhuzlvh l�t @ 3= Lq vxppdu|/zlwk l�g @ � +qs$O, +N$, @] wkh gluhfw fxuuhqw uhihuhqfh/ wkh fruuhvsrqglqj

txdgudwxuh fxuuhqw lv

l�t @
	Ypd{

s
] �N$U

]
iru +l�g,

5
. +l�t,

5 � L5
pd{

@ 	
t
L5
pd{

� +l�g,
5 iru +l�g,

5
. +l�t,

5 � L5
pd{

dqg � Lpd{ ? l�g ? 3

@ 3 rwkhuzlvh

zlwk . iru prwrulqj dqg � eudnlqj1

*��  �� �

Wklv fdvh jlyhv d gluhfw fxuuhqw uhihuhqfh dv l�g @ �
t
L5pd{ � +l�t,

5 dqg wkh fruuhvsrqglqj txdgudwxuh fxuuhqw

lv

l�t @
�� 	

s
�5 � 7��

5�
iru �5 � 7�� � 3

@ 3 rwkhuzlvh

zlwk . iru prwrulqj dqg � eudnlqj1

- (����
� (! �������� . +�	) /�& ��� �����  �������

Wkh pdqxidfwxuhu*v sdudphwhuv +Dhurwhfk/ Lqf1/ Sjk SD, duh jlyhq dv iroorzv=

Olqh wr olqh lqgxfwdqfh @ =35; K

Olqh wr olqh Uhvlvwdqfh @ =8 Rkpv

Olqh wr Olqh Edfn HPI frqvwdqw @ Nc�c
e @ 56=9

Yrowv+shdn,
Nusp

Wrutxh Frqvwdqw @ NW @ 3=5; Q0p
Dps+UPV,

Wkh olqh wr olqh lqgxfwdqfh dqg uhvlvwdqfh phdvxuhphqwv duh grqh zlwk wkh urwru khog �{hg dqg dsso|lqj

yrowdjh ehwzhhq skdvh 4 dqg 5 zlwk skdvh 6 rshq flufxlwhg1 Vxewudfwlqj wkh vhfrqg htxdwlrq iurp wkh �uvw lq

6/ zlwk lV5 @ �lV4> $ @ 3 jlyhv

5 +OV .P,
glV4

gw
@ yV4 � yV5 � 5UlV4

Frqvhtxhqwo|/ 5 +OV .P, @ =35; K/ ru/ xvlqj P @ OV@5/ jlyhv

OV @
=35;

6
K

U @
=8

5
Rkpv
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Wkh olqh wr olqh edfn hpi yrowdjh lv phdvxuhg e| h{whuqdoo| gulylqj wkh prwru dw frqvwdqw vshhg zlwk wkh skdvhv

rshq flufxlwhg dqg phdvxulqj wkh yrowdjh ehwzhhq wzr skdvhv1 Lq wklv vhwxs/ wkh yrowdjhv duh jlyhq e|

yV4 @ �Np$ vlq+qs�,

yV5 @ �Np$ vlq+qs� �
5�

6
, @ �Np$

�
�=8 vlq+qs�,�

s
6@5 frv+qs�,

�

yV6 @ �Np$ vlq+qs� �
7�

6
, @ �Np$

�
�=8 vlq+qs�, .

s
6@5 frv+qs�,

�

vr wkdw

yV5 � yV6 @

s
6Np$ frv+qs�,

+yV5 � yV6,shdn

$
@

s
6Np

Yrowv

udgv2vhf

Nc�c
e @

s
6Np

5�@93 udgv2vhf

usp

4333 usp

Nusp

N @

u
6

5
Np @

4
s
5

Nc�c
e

Yrowv+shdn,

Nusp

Nusp

4333usp

usp

5�@93udgv2vhf

@
4
s
5

56=9
4

4333

93

5�
@ 3=48<

Yrowv+shdn,

udgv2vhf
+94,

Lq vwhdg|0vwdwh zkhuh

lV4 @ L6sk frv+$hw,

lV5 @ L6sk frv+$hw�
5�

6
,

lV6 @ L6sk frv+$hw�
7�

6
,

vr wkdw xvlqj wkh 605 skdvh wudqvirupdwlrq uhvxowv lq

�
ld
le

�
@

5
7
t

6

5
L6sk frv+$hw,t

6

5
L6sk vlq+$hw,

6
8

� @ �

u
6

5
Npld vlq+qs�, .

u
6

5
Nple frv+qs�,

@

u
6

5
Np

u
6

5
L6sk vlq+$hw� qs�,

@

s
5
6

5
NpL6skbupv vlq+$hw� qs�,

Wkh pdqxidfwxuhu*v ydoxh iru wkh wrutxh frqvwdqw NW lv wkh wrutxh shu xqlw ri UPV skdvh fxuuhqw zklfk wklv

h{suhvvlrq vkrzv lv htxdo wr NW @

s
5
6

5
Np

Q0p
Dps+upv,

1

Np @
4
s
5

5

6
NW

4:



zkhuh NW lv jlyhq lq xqlwv ri Q0p
Dps+shdn,

zkloh Np lv lq Q0p
Dps+upv,

= Ilqdoo|/

N @

u
6

5
Np @

NWs
6

@
3=5;
s
6

Q0p

Dps+shdn,
@ 3=495

Q0p

Dps+shdn,
+95,

Frqvhtxhqwo|/ frpsxwlqj N xvlqj wkh edfnhpi frqvwdqw +94, jlyhv wkh vdph ydoxh dv frpsxwlqj N xvlqj wkh

wrutxh frqvwdqw +95, dv wkh| pxvw1

4;


