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Abstract

A method is proposed to estimate the rotor time constant T of an induction motor without
measurements of the rotor speed/position. The method consists of solving for the roots of
a polynomial equation in Tr whose coefficients depend only on the stator currents, stator

voltages, and their derivatives. Experimental results are presented.

1 Introduction

Induction motors are very attractive in many applications owing to their simple structure, low cost,
and robust construction. Field-oriented control is now used to obtain high performance drive of the
induction motor because it gives control characteristics similar to separately excited DC motors.
Implementation of a (rotor-flux) field-oriented controller requires knowledge of the rotor speed and
the rotor time constant Tk to estimate the rotor flux linkages. There has been considerable work
done in the last several years to implement a field-oriented controller without the use of a speed
sensor [1][2][3][4][5][6]. However, many of these methods still require the value of T, which can
change with time due to ohmic heating. That is, to be able to update the value of Tk to the
controller as it changes is valuable. The work presented here uses an algebraic approach to identify
the rotor time constant Tz without the motor speed information. It is is most closely related to the
ideas described in [7][8][9][10][11][12]. Specifically, it is shown that T’z satisfies a polynomial equation
whose coefficients are functions of the stator currents, the stator voltages, and their derivatives. A
zero of this polynomial is the value of Tx. It is further shown that Tj is not identifiable under

steady-state operation because it is not sufficiently excited.
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The paper is organized as follows. Section 2 introduces a space vector model of the induction
motor. Section 3 uses this model to develop a algebraic equation that Tk must satisfy. Section 4
shows that in steady state, Tk is not identifiable by either the proposed algebraic method nor a
standard linear least-squares method. Section 5 presents the experimental results, while Section 6

gives the conclusions and future work.

2 Mathematical Model of Induction Motor

The starting point of the analysis is a space vector model of the induction motor given by (see, e.g.,
pp. 568 of [13])
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where ig 2 g, + Jisy, yR 2 Ypa + U my, and ug = ug, + jusy. Here, 6 is the position of the rotor,
w = df/dt is the rotor speed, n, is the number of pole pairs, ig,, is, are the (two-phase equivalent)
stator currents, ¥ p,, Vg, are the (two-phase equivalent) rotor flux linkages, Rg, Rp are the stator
and rotor resistances, respectively, M is the mutual inductance, Lg and Ly are the stator and rotor
inductances, respectively, J is tlr12e moment of inertia of the rotor, and 7 is the load torque. The
é—};, o=1-— L]gLR’ b= aL]\jLR’ v = JRTS + 5T—]\R4 have been used to simplify the
expressions. Tk is referred to as the rotor time constant, Whlle o is called the total leakage factor.

symbols Tr =

3 Algebraic Approach to 7z Estimation

The idea of the approach is to solve (1) and (2) for Tr. However, equations (1) and (2) are only four
equations while there are six unknowns, namely ¥ p,, ¥ gy, g,/ dt, dipg,/dt, w, and Tx. Equation
(3) is not used because it introduces the additional unknown 7. To find two more independent

equations, equation (1) is differentiated to obtain
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Using the (complex-valued) equations (1) and (2), one can solve for 1, and %Q &, in terms of w, ig

and ug and substitute the resulting expressions into (4) to obtain
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Solving (5) for dw/dt gives
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The left-hand side of (6) is real, so the right-hand side must also be real. Note by (1) that dig/dt +
vig — ug/ (0Lg) = T% (1 = jnpwTr) 1, so that the right-hand side of (6) is singular if and only
if )wR‘ = 0. Other than at startup,

P R‘ # 0 in normal operation of the motor. Separating the

right-hand side of (6) into its real and imaginary parts, the real part has the form

dw

o @ (Usa, Ush, 150, isp) W + a1 (Usa, Ushs 15a, isp) W + Qo (Usa, Usbs T5a, Tsp) - (7)

The expressions for as (Usa, Use, i5a; T5p) 5 01 (Usa, Ush, iSa, isp) , and ag (Usa, Usp, i5a,isp) are lengthy
in terms of ug,, Usy, 154, t5p, and their derivatives as well as of the machine parameters including
Tr. As a consequence, they are not explicitly presented here. Appendix 7.2 gives their steady-state
expressions.

On the other hand, the imaginary part of the right-hand side of (6) must be zero. In fact, the

imaginary part of (6) is a second degree polynomial equation in w of the form

q(w) & @2(Usa, Us, 150, i55)w? + 1 (Usa, Ush, 150, 155)w + Go(Usa, Ush, T5a, 15p) (8)

and, if w is the speed of the motor, then ¢(w) = 0. The ¢; are functions of wug,, uss, isa, isp,
and their derivatives as well as of the machine parameters including Tk. The expressions for
G2(USas Ush, ISa, i5b)s Q1 (USas Ush, 1Sa,ise), and qo(usq, Usy, isa,isp) are also lengthy and not explic-
itly presented here. (Their steady-state expressions are given in Appendix 7.1.) If the speed was
measured, then (8) would be equal to zero and could then be solved for Tx. However, in the problem
being considered, w is not known. To eliminate w, ¢(w) in (8) is differentiated to obtain

d d

EQ(W) = (2¢ow + 1) 7 + Gow® + G1w + o (9)

where dg(w)/dt = 0 if w is equal to the motor speed. Next, dw/dt in (9) is replaced by the right-hand



side of (7) so that (9) may be written as

dg(w)
dt

= g(w) = 2qa50° + (2g2a1 + qras + §2) w? + (2qeag + qra1 + ¢1) w + qrag + do. (10)

g(w) is a third-order polynomial equation in w (with time-varying coefficients) for which the speed
of the motor is one of its roots. Dividing! g(w) in (10) by ¢(w) in (8), g(w) may be rewritten as
(g2 # 0 if w and the stator electrical frequency wg are nonzero. See [6][14])
1 : . o
gw) = - ((2612azw + 2201 — qraz + G2) (W) + 71 (Usa, Usb, isa, sb) W+ T0 (Usas Ush, T5a; Tsb) )
2
(11)

71 (USa, Ush, 15as T5b) £ 293600 — @q1a1 + @2¢1 — 2q2q0a2 + Q%QQ — q1¢2 (12)

L

70 (Usa, Ush, 15as 15p) G2q100 + G2G0 — 2¢2qoa1 + Goq1a2 — GoG- (13)

If w is equal to the speed of the motor, then both g(w) = 0 and g(w) = 0, and one obtains
r(w) £ 71 (Usa, Ush, 15a, isb) W + T0 (Usa, Ush, T5a, isp) = 0. (14)

This is now a first-order polynomial equation in w which uniquely determines the motor speed w as
long as 7, (the coefficient of w) is nonzero. (It is shown in Appendix 7.3 that 7 # 0 in steady state

if go # 0.) Solving for the motor speed w using (14), one obtains
w=—ro/r1. (15)
Next, replace w in (8) by the expression in (15) to obtain
@y — qirory + qors = 0. (16)

The expressions for ¢;, r; are in terms of motor parameters (including Tg) as well as the stator
currents, voltages, and their derivatives. Expanding the expressions for qq, q1, ¢2, 70, and 71, one

obtains a twelfth-order polynomial equation in Tg, which can be written as

12
ZQ’ (Usay Ush, i5a,isp) T = 0. (17)

=0

Solving equation (17) gives Tg. The coefficients C; (tsq, Usp, isa,%sp) Of (17) contain third-order

derivatives of the stator currents and second-order derivatives of the stator voltages making noise

!Given the polynomials g(w), ¢(w) in w with deg{g(w)} = ngy, deg{g(w)} = ng, the Euclidean division algorithm
ensures that there are polynomials y(w),r(w) such that g(w) = v(w)q(w) + r(w) and deg{r(w)} < deg{q(w)} —1 =
ng — 1. Consequently if, for example, wy is a zero of both g(w) and g(w), then it must also be a zero of r(w).



a concern. For short time intervals in which Tk does not vary, (17) must hold identically with T
constant. In order to average out the effect of noise on the Cj, (17) is integrated over a time interval
[t1, 2] to obtain

12 1 to
Z ( / Ci (usq, Ush, isq, isp) dt> T} = 0. (18)

to — 1
i—0 2 1 Jt

The measured variables appear into the coefficients of (17) in a nonlinear manner, so that it
would be difficult to quantify exactly how much noise is filtered out. However, assuming a sufficient
frequency separation between the noise and the signal, one would expect that such filtering would
help and the experimental results presented below bare this out.

There are 12 solutions satisfying (18). However, simulation results have always given 10 conjugate

solutions. The remaining two solutions include the correct value of T; while the other one was either

1
to—11

the roots of (18). Among the positive real roots is the correct value of Tx. Experimental results

negative or close to zero. The method is to compute the coefficients ttf C;dt and then compute
using this method are presented in Section 5.
Remark The expression (14) was used by the authors in [6] (assuming Tg is known) as a

technique to estimate the speed of an induction motor for speed sensorless field-oriented control.

4 Identifiability of T in Steady State

The goal of this section is to show that Ty is not identifiable with the machine in steady-state
because it is not sufficiently excited. We show this explicitly for the method proposed here and
then show it explicitly for a linear least-squares formulation. The terminology “steady state” means

the machine is running at constant speed and the voltages/currents are in steady state.

4.1 Algebraic approach

The polynomial (18) is now considered with the machine in steady-state so that, in particular, the
speed is constant. That is, ug, + jusy = Uge’st and ig, + jigy = Lge?*St are substituted into (8)
and (14)where wg is the electrical frequency. In steady state, the motor speed in (15) becomes (see
Appendix 7.3 and [14])

ro  ws(1—=2.9)

= =" 19
w T np ( )

where S £ (wg—mnpw)/wg is the normalized slip. Substituting the steady-state expressions for ¢s, g1,

and qo from Appendix 7.1 as well as the expression (19) for w into (8), one obtains gaw? + q1w +qy =
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That is, in steady state (8) and (14) hold independent of the value of Tp and thus so does (17)
making T unidentifiable in steady state by this method.

4.2 Linear least-squares approach

Vélez-Reyes et al [3][4] have used least-squares methods for simultaneous parameter and speed
identification in induction machines. In the approach used herein, dw/dt is taken to be zero so that
alinear (in the parameters) regressor model can be obtained. Specifically, consider the mathematical

model of the induction motor in (5). With dw/dt = 0 this equation reduces to

d* . 1
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where ig = ig, + jigy and ug = ug, + jugy. Decomposing equation (20) into its real and imaginary

parts gives

dziga 1 diga RS . 1 digb RS . 1 disa 1 dusa
a  Tr (_ dt oLs T U_LS“S“) L (_ at oLs T aLgqu) T ToLs @
(21)
and
dzigb 1 digb RS 1 disa RS . 1 diSb 1 dqu
ai Tn <_W “ore TS“S*’> e <_ dt oLs T aLS“S“> TR (dt)
22

The goal here is to estimate Tr without knowledge of w. So, it is now assumed the motor parameters
are all known except for Tx. The set of equations (21) and (22) may then be rewritten in regressor

form as
y(t)=W() K (23)

where K 2 [ 1/T nyw |7 € R% and y € R%, W € R*>? are given by

duSa d2i$’a diSa diSa . d Sb
—olL — R L - a R a L - R
) 7 ols— S~ ) S~ Usq + 11513 ohs—" usy + Rsisy
y(t) 2 SW(t) =
d d?i di di 1Sa ‘
% —oLg dlfb — Rg ;“zb Lsd—ib — usy + Rsigy di — Rgiga

The regressor system (23) is linear in the parameters. The standard linear least-squares approach
is to let (i.e., collect data at) t = 0,7,2T,--- , NT, multiply (23) on the left by W (nT), sum
WT(nT)y (nT) = WT(nT)W (nT) K from t =0 to t = NT, and finally compute the solution to

RwK = Ryw (24)



where
N

N
Ry £ W (nT)W(nT), Ryw £ W"'(nT)y(nT).
n=0 n=0
A unique solution to (24) exists if and only if Ry, is invertible. However, Ry is never invertible in

steady state as is now shown. To proceed, define

Dit) = [ sy () —isa (1) ] |

isa () isp (1)

In steady state where ug, + jugy = Uge?*st and ig, + jig, = Lge?*st, det(D (t)) = i3, (1) +i%, (1) =
ILs|>, D ()" D (t) = |Lg|* Irx2. Multiply both sides of (23) on the left by D (¢) to obtain

or
ngs |L5~|2 — wsP

oLsw? | Ls|" — ws@

—wsLs|Ls"+Q  Rs|Ls]>— P
Rs|Ls|”— P  oLsws|ls]” —Q
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where P £ ugqig, + uspisy and Q £ uspise — Usaisy are the real and reactive powers, respectively,
whose steady-state expressions are given by (30) and (31) in the Appendix. Using (30) and (31) to
replace P and @ in (25), one obtains

2 2, .22
_ — Scwels SwsT,
D A D (t) W (t) _ |iS| (1 02> (A);‘LS Welp WsilR (26)
1+ S2WSTR S(,USTR 1
— I |2 (1 — O') wsLS SwSTR
Y £ D _ _wells 2
((0) = —wsl L LTt | @

That is, in steady state, D £ D (t)W (t) € R*>*2? and Y = D (t)y (t) € R? are constant matrices.
Further, it is easily seen that the determinant of D £ D (t) W (t) is zero. Also,

Row £ 3" (D (nT)W (nT)" (D (nT) W (nT))) = |Ls* S W (nT)W (nT) = | Ls[* Ry

Rpw is singular as D (t) W (t) is constant and singular. It then follows that Ry is also singular

using steady-state data. Further,

Rpwy £ ) (D (nT)W (nT))" (D (nT)y (nT))) = |Ls|* Y W (nT)y (nT) = |Ls|* Ryw-



Thus Ry and Ry are given by

o N|Lg)* (1 —0)’wil3 | S2wiT?: SwsTr
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o N|Ls|> (1 —0)’wiL? | SwsTr
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where again D and Y are from (26) and (27), respectively.

By inspection of (28) and (29), K = [0 wg]” is one solution to (24). The null space of Ry, is
generated by [—1/T Sws]” so that all possible solutions are given by [0 ws]” +a [—1/Tx Sws]” for
some « € R. In summary, solving (24) using steady-state data leads to an infinite set of solutions
so that Tg is not identifiable using the linear regressor (23) with steady-state data.

Remarks There are a few ways to deal with the problem in a real-time control application.
For example, a small perturbation could be added to the speed reference. This type of technique
has often been used for the adaptive control of insufficiently excited systems. A more interesting
approach, however, would be to vary the flux reference while keeping the torque reference constant.
The speed of the motor would not vary, but the voltages and currents would no longer be in
sinusoidal steady-state, so that the speed and the rotor time constant would be identifiable. In the
work [4], a linear regressor was obtained by assuming constant speed, but the data collected in [4]
was not in sinusoidal steady state (see Figures 7.1a and 7.1b in [4]). In the identification method
given in [15], the speed is assumed constant, but it requires the flux magnitude be perturbed by a

small amplitude sinusoidal signal so it is also not in sinusoidal steady state.

5 Experimental Results

To demonstrate the viability of the speed sensorless estimator (18) for Tx, experiments were per-
formed. A three-phase, 0.5 hp, 1735 rpm (n, = 2 pole-pair) induction motor was driven by an
ALLEN-BRADLEY PWM inverter to obtain the data. Given a speed command to the inverter, it
produces PWM voltages to drive the induction motor to the commanded speed. Here a step speed
command was chosen to bring the motor from standstill up to the rated speed of 188 rad/s. The
stator currents and voltages were sampled at 10 kHz. The real-time computing system RTLAB
from OPAL-RT with a fully integrated hardware and software system was used to collect data
[16]. Filtered differentiation (using digital filters) was used for the derivatives of the voltages and
currents. Specifically, the signals were filtered with a third-order Butterworth filter whose cutoff fre-
quency was 100 Hz. Further, if one uses a low-pass Butterworth filter, the derivatives of the filtered
input signal (i.e., stator currents/voltages) are state variables in the state-space implementation
of the filter, i.e., no differentiation is needed [15]. See also [7] for another approach to estimating

derivatives without numerical differentiation. The voltages and currents were put through a 3 — 2



transformation to obtain their two-phase equivalent values (see Figure 1).

The data was collected just after the machine is turned on to obtain the “cold” value of Ty for
comparison with the results in [17]. Using the data {usqa, tsp, i5q, %5} collected between 0.84 sec to
0.91 sec, which includes the time the motor accelerates, the quantities dug,/dt, dus,/dt, dis,/dt,
disp/dt, d®igq/dt?, d*isy/dt?, d*is,/dt?, d®igy/dt? are calculated and used to evaluate the coefficients
C;,i=1,2,---,12 in equation (18).

S
SO <o

Figure 1: Left: Sampled two-phase equivalent voltages ug,, ugy. Right: Sampled phase b current ig;,
and its simulated response igy_gim.

Solving (18), one obtains the 12 solutions

TR = +0.1064 TRy = —0.0186

Trs = —0.0576 + 70.0593 Tre = —0.0576 — 70.0593
Trs = —0.0037 + 70.0166 Tre = —0.0037 — 50.0166
Tr7 = —0.0072 + 50.0103 Trs = —0.0072 — 50.0103
Try = +0.0125 4 50.0077 Trio = +0.0125 — 50.0077
Tr11 = +0.0065 + j0.0018 Tr12 = +0.0065 — 50.0018.

Tk must be a real positive number, so Tk = 0.1064 is the only possible choice. This value compares
favorably with the “cold” value of T = 0.11 obtained using the method of Wang et al [18], which
required a speed sensor.

To illustrate the identified Ty, a simulation of the induction motor model was carried out using
the measured voltages as input. The simulation’s output [stator currents computed according to
(1) and (2)] are used to compare with the measured (stator currents) outputs. The right side of
Figure 1 shows the sampled two-phase equivalent current ig, and its simulated response igp_gim.-

(The phase a current ig, is similar, but shifted by 7/ (2n,).) The resulting phase b current isp_gsim,



from the simulation corresponds well with the actual measured current ig,. Note that in equation

R M
(1) the parameter v = — + M also depends on Tk.

O'LS TR

6 Conclusions and Future Work

This paper presented a algebraic approach to the estimation of the rotor time constant of an
induction motor without using a speed sensor. The experimental results demonstrated the practical
viability of this method. Though the method is not applicable in steady state, neither is a standard
linear least-squares approach. Future work includes studying an on-line implementation of the

estimation algorithm and using such an online estimate in a speed sensorless field-oriented controller.

7 Appendix: Steady-State Expressions

In the following, ws denotes the stator frequency and S denotes the normalized slip defined by

S £ (ws — nyw) Jws. With ug, + jusy = Uge’st and ig, + jigy = Lge?st, it is shown in [19] that

under steady-state conditions, the complex phasors Ug and I 4 are related by (S, = MZRL'R = O_W;TR)
I Qs QS
15 = - )
. s .S —o)Sw? .wgLs(14+052w2T?
Rs + jwsLsg <<1 + JS_,,> / <1 + ]E>> (Rs +4 H)SQWS%LT%TR> + = S1<+S%§T}j )

and straightforward calculations (see [6]) give

. . * 2 (1 - O') SW%LSTR
P £ uggisa + uspise = Re (UsLs) = |Lg] <RS 1T 22T (30)
. . « 2 CUSLS (1 + US2CU%T2)
Q = uspisa — Usaisy = I (Ugls) = |Lg| 11 SZiT2 = (31)
7.1 Steady-State Expressions for ¢, ¢, and qq
The steady-state expressions for ¢o, ¢1, and o are from [6] and given by
2Ls(1—0)*(1=29)
= n2TR|L]" 52 2
@ = nlelld =0 ea (32)
Ls(1—0)* (1 - wT2(1-5)%)
= Lg|* 33
@ = mwslls o (1+ S22T2) (33)
wils(1—0)*(1—S
G0 = _|i5|4 S S( ) ( ) (34)

o (1+ SPwETR)

With w # 0 (equivalent to S # 1), it is seen that g # 0. Conversely, go = 0 if and only if S =1
(i.e., w=0). Also, if w =0, then S =1 and ¢; # 0.

10



7.2 Steady-State Expressions for as, a1, ag

The steady-state expressions for as, a;, and ay are (see [6])

ws(1—0)2 1

— 2|1 *
= mp |Ls| 02 (1+ S2wiT?) den (35)
2wi(1—0)(1-5) 1
= )
“ " |Ls| 02 (14 S2wiT?%) den (36)
Wi (1—0)’(1-25)° 1
ap = — ‘lS|4 S( ) ( ) (37)

02 (1+ S2w3iT3) den

inR|lS|4(((1—0)1+52w§T§—Sw§T§)2+((1—0) ws )2) (38)

oTg 1+ S2wiT? o 1+ S%WiT3

>

den

Recall from Section 3 [following (6)] that den = 0 if and only if

gR) —0.

7.3 Steady-State Expression for r; and rg

It is now shown that the steady-state value of 7 in (12) is nonzero. Substituting the steady-state

values of ¢a, q1, qo, a2, a1, and ag (noting that ¢; = 0 and ¢ = 0 in steady state) into (12) gives

1 Snd(1—0)° L3 2
o= —|L° (1—1—52@@7}%) L p w%(l—i—Téw%(l—Sﬁ) /den

1 Snd(1—0)° L3 2
rg = \lg|6 (1+52w§T§> L o we (1 —29) (1—|—w%T}2%>< (1—8)2) /den

where den is given by (38). It is then seen that r; # 0 in steady state.
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