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EvaluaOng	  SimulaOons	  and	  SGS	  models	  
• 	  How	  do	  we	  go	  about	  tesOng	  our	  models?	  How	  should	  models	  be	  validated	  and	  
compared	  to	  each	  other?	  

• 	  Pope	  (2004)	  gives	  5	  criteria	  for	  evaluaOng	  SGS	  models:	  

1.  Level	  of	  descripOon	  in	  the	  SGS	  model	  
2.  Completeness	  of	  the	  model	  
3.  The	  cost	  and	  ease	  of	  use	  of	  the	  model	  
4.  The	  range	  and	  applicability	  of	  the	  model	  
5.  The	  accuracy	  of	  the	  model	  	  

• 	  Most	  of	  these	  criteria	  are	  related	  to	  the	  accuracy	  of	  simulaOon	  results:	  

-‐Accuracy:	  Ability	  of	  the	  model	  to	  reproduce	  DNS,	  experimental	  or	  theoreOcal	  
staOsOcal	  features	  of	  a	  given	  test	  flow	  (or	  the	  ability	  to	  converge	  to	  these	  
values	  with	  increasing	  resoluOon)	  
	  

An	  important	  aspect	  of	  this	  is	  grid	  convergence	  of	  simula3on	  sta3s3cs.	  	  This	  
is	  not	  always	  done	  but	  is	  an	  important	  aspect	  of	  simulaOon	  validaOon.	  	  Note	  
that	  this	  convergence	  (especially	  in	  high-‐Re	  flows)	  may	  not	  be	  exact,	  we	  may	  
only	  see	  approximate	  convergence.	  
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EvaluaOng	  SimulaOons	  and	  SGS	  models	  
-‐Cost:	  When	  examining	  the	  above,	  it	  is	  important	  to	  include	  the	  cost	  of	  each	  model	  
(and	  comparisons	  between	  alternaOve	  models).	  
	  

-‐One	  model	  may	  give	  be[er	  results	  at	  a	  lower	  grid	  resoluOon	  (larger	  Δ)	  but	  include	  
costs	  that	  are	  excessive:	  
	  

Example:	  Scale-‐dependent	  Lagrangian	  dynamic	  model	  (Stoll	  and	  Porté-‐Agel,	  WRR,	  
2006):	  

38%	  increase	  in	  cost	  over	  constant	  Smagorinsky	  model	  
15%	  increase	  over	  plane	  averaged	  scale-‐dependent	  model	  
	  

How	  much	  of	  a	  resoluOon	  increase	  can	  we	  get	  in	  each	  direcOon	  for	  a	  30%	  cost	  
increase??	  	  Only	  a	  li[le	  more	  than	  3%	  in	  each	  direcOon!	  
	  

-‐Completeness:	  A	  “complete”	  LES	  and	  SGS	  model	  would	  be	  one	  that	  can	  handle	  
different	  flows	  with	  simply	  different	  specificaOon	  of	  BCs,	  iniOal	  condiOons	  and	  forcings.	  
	  

-‐In	  general	  LES	  models	  are	  not	  complete	  due	  to	  grid	  requirements	  and	  (possibly)	  ad	  
hoc	  tuning	  for	  different	  flows.	  
	  

-‐Example	  from	  RANS:	  mixing	  length	  models	  are	  incomplete	  (different	  flow	  different	  l)	  
while	  the	  k-‐ε	  model	  can	  be	  thought	  of	  as	  complete	  for	  RANS	  since	  it	  can	  be	  applied	  to	  
any	  flow.	  
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EvaluaOng	  SimulaOons	  and	  SGS	  models	  
Examples	  in	  the	  text	  books:	  
	  
•  Geurts	  chapter	  8	  (8.4	  in	  parOcular)	  

•  Sagaut	  3rd	  ed.	  chapter	  14	  (several	  flows)	  
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Test	  Case:	  Turbulent	  Boundary	  Layers	  
• 	  An	  example	  from	  Guerts,	  2004	  of	  the	  effect	  of	  different	  SGS	  models	  on	  boundary	  layer	  development	  
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Test	  Case:	  Backward	  Facing	  Step	  
• 	  An	  example	  from	  Cabot	  and	  Moin,	  2000	  

• Velocity	  spectra	  from	  DNS	  
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Test	  Case:	  Mixing	  layer	  
• 	  An	  example	  from	  Geurts	  

• Velocity	  spectra	  from	  DNS	  
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Test	  Case:	  Mixing	  layer	  
• 	  An	  example	  from	  Geurts	  

• Velocity	  spectra	  from	  DNS	  
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Accuracy	  of	  LES	  models	  

• 	  An	  example	  of	  the	  accuracy	  of	  LES	  models	  to	  predict	  flow	  staOsOcs	  (from	  Porte-‐Agel	  et	  al,	  JFM	  2000	  and	  
Andren	  et	  al.,	  1994,	  QJRMS):	  	  

• Non-‐dimensional	  velocity	  gradient	  

• 	  Here	  we	  will	  look	  at	  some	  examples	  of	  different	  measurements	  of	  simulaOon	  
accuracy	  and	  evaluaOon	  as	  well	  as	  a	  few	  common	  test	  cases	  for	  LES	  
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Accuracy	  of	  LES	  models	  
• 	  An	  example	  of	  the	  accuracy	  of	  LES	  models	  to	  predict	  flow	  staOsOcs	  (from	  Porte-‐Agel	  et	  al,	  JFM	  2000)	  	  

• Non-‐dimensional	  velocity	  gradient	  

• Streamwise	  velocity	  spectra	  at	  two	  
different	  resoluOons	  

• Streamwise	  velocity	  spectra	  from	  Perry	  et	  al	  (1986)	  
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Test	  Case:	  Isotropic	  Turbulence	  LES	  
• 	  An	  example	  from	  Lu	  et	  al,	  2008	  	  

• Velocity	  spectra	  from	  DNS	  

• Energy	  decay	  in	  isotropic	  turbulence	  

• Velocity	  spectra	  from	  filtered	  DNS	  and	  LES	  
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Test	  Case:	  flow	  over	  a	  2D	  hill	  
• 	  An	  example	  from	  Wan	  et	  al,	  2007	  	  

• Velocity	  comparison	  with	  data	  and	  different	  models	  

where a ¼ 0:249 is the normalized wave amplitude,
x/Lz is the normalized streamwise position, and Lz

is the length scale used for normalization (see
Fig. 1). The flow direction is perpendicular to the
wave crests. The coordinate transformation devel-
oped by Clark (1977) has been used to transform the
sinusoidal wave bounded physical domain into a
rectangular computational domain. The transfor-
mation is a terrain following transformation and
takes the following form:

z̄ ¼ Hðz# zsÞ=ðH # zsÞ, (20)

where z̄ is the vertical position in the transformed
system. zs and H denote the actual elevation (in the
original system) of the terrain and the top of the
domain, respectively. In order to match the wind-
tunnel experimental conditions of Gong et al.
(1996), the computational domain, after normal-
ization with the length scale Lz ¼ 194mm, is of size
(2p, 2p, p). The non-dimensional surface roughness
is set to z0=Lz ¼ 2:06% 10#3. The computational
domain is divided into 80% 80% 80 uniformly
spaced grid points. The grid is staggered in the
vertical direction, with the vertical velocity stored
halfway between the other variables. Wind velo-
cities are normalized using the free stream wind
tunnel velocity, U0 ¼ 10m=s.

A horizontal pressure gradient is exerted on the
flow in the streamwise direction. The magnitude of
this pressure gradient is set to balance the drag
forces (surface stress and form drag) measured
during the experiment (Gong et al., 1996). The value
of the non-dimensional pressure gradient is 0.654.
The simulations are run for a period of time long
enough to guarantee quasi-steady flow conditions
and statistical convergence of the results presented
in the next section.

3. Results

Fig. 2a–d show the simulated non-dimensional
streamwise velocity profiles obtained above four
different streamwise positions in a wave: the wave
crest (Fig. 2a), 1/4 wavelength downwind of the
crest (Fig. 2b), the wave trough (Fig. 2c), and 1/4
wavelength upwind of the crest (Fig. 2d). The results
are averaged over time and over the spanwise
direction and they are non-dimensionalized with
the free stream velocity U0. Different lines corre-
spond to the different SGS models under considera-
tion: the Smagorinsky model with two different
matching functions (SMAG-1: C0 ¼ 0:17 and n ¼ 1;
and SMAG-2: C0 ¼ 0:1 and n ¼ 1 in Eq. (3)), the
Lagrangian dynamic model, and the scale-depen-
dent Lagrangian dynamic model. Results are
compared with wind tunnel data (symbols) of Gong
et al. (1996). From Fig. 2a we find that the
Lagrangian dynamic model clearly overestimates
the average velocity near the surface by as much as
20%. This behavior of the velocity profile over the
hill crest obtained with the Lagrangian dynamic
model is consistent with the velocity overestimation
of about 25% reported by Iizuka and Kondo (2004)
in their large-eddy simulations of flow over a single
two-dimensional hill using the same SGS model.
The results from the Smagorinsky model show
substantial sensitivity to the choice of parameters
and, consequently, the shape of the matching
function. The scale-dependent dynamic procedure,
which retains the advantage of dynamic models of
not requiring any parameter tuning, substantially
improves the simulation results with respect to the
scale-invariant dynamic model.

The simulated velocity profiles at 1/4 wavelength
downwind of the wave crest (Fig. 2b) and in the
wave trough (Fig. 2c) show relatively small sensi-
tivity to the SGS model, compared with the results
over the wave crest (Fig. 2a). The simulated
velocities are close to the measurements above a
height of about 30mm in Fig. 2b and about 50mm
in Fig. 2c. Note that the region below those heights,
as reported in Gong et al. (1996), corresponds to the
upper limit of a flow recirculation zone that
develops downwind of the wave crest. In the
recirculation zone, mean velocities are negative
and cannot be accurately measured by the hot-wire
anemometer, which cannot distinguish between
positive and negative velocities and is succeptible
to large errors due to flow distortion by the probe
support.
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The simulated average velocity 1/4 wavelength
upwind of the crest (Fig. 2d) is slightly under-
estimated by the Smagorinsky model with matching
function in the near-surface region, while it is
slightly overestimated by the Lagrangian dynamic
model at heights between 30 and 200mm. The scale-
dependent Lagrangian dynamic model gives a
reasonable prediction throughout most of the
domain.

The non-dimensional standard deviations of the
resolved streamwise, transverse and vertical velo-
cities over the wave crests are presented in Figs. 3a,
3b and 3c, respectively. Results are again compared

with the wind tunnel experimental data (symbols) of
Gong et al. (1996). Like in the case of the mean
velocity profiles, the standard deviations of the
horizontal velocity components simulated with the
Smagorinsky model show strong sensitivity to the
choice of the matching function for the eddy
viscosity coefficient. The Lagrangian dynamic mod-
el overpredicts by as much as 50% the level of
fluctuations of the horizontal velocity components
and also the vertical velocity component. The
overestimation of the resolved velocity variance is
consistent with the idea that the dynamic model is
not dissipative enough, and it is in good agreement
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Test	  Case:	  flow	  over	  a	  2D	  hill	  
• 	  An	  example	  from	  Wan	  et	  al,	  2007	  	  

• Velocity	  comparison	  with	  data	  and	  different	  models	  

where a ¼ 0:249 is the normalized wave amplitude,
x/Lz is the normalized streamwise position, and Lz

is the length scale used for normalization (see
Fig. 1). The flow direction is perpendicular to the
wave crests. The coordinate transformation devel-
oped by Clark (1977) has been used to transform the
sinusoidal wave bounded physical domain into a
rectangular computational domain. The transfor-
mation is a terrain following transformation and
takes the following form:

z̄ ¼ Hðz# zsÞ=ðH # zsÞ, (20)

where z̄ is the vertical position in the transformed
system. zs and H denote the actual elevation (in the
original system) of the terrain and the top of the
domain, respectively. In order to match the wind-
tunnel experimental conditions of Gong et al.
(1996), the computational domain, after normal-
ization with the length scale Lz ¼ 194mm, is of size
(2p, 2p, p). The non-dimensional surface roughness
is set to z0=Lz ¼ 2:06% 10#3. The computational
domain is divided into 80% 80% 80 uniformly
spaced grid points. The grid is staggered in the
vertical direction, with the vertical velocity stored
halfway between the other variables. Wind velo-
cities are normalized using the free stream wind
tunnel velocity, U0 ¼ 10m=s.

A horizontal pressure gradient is exerted on the
flow in the streamwise direction. The magnitude of
this pressure gradient is set to balance the drag
forces (surface stress and form drag) measured
during the experiment (Gong et al., 1996). The value
of the non-dimensional pressure gradient is 0.654.
The simulations are run for a period of time long
enough to guarantee quasi-steady flow conditions
and statistical convergence of the results presented
in the next section.

3. Results

Fig. 2a–d show the simulated non-dimensional
streamwise velocity profiles obtained above four
different streamwise positions in a wave: the wave
crest (Fig. 2a), 1/4 wavelength downwind of the
crest (Fig. 2b), the wave trough (Fig. 2c), and 1/4
wavelength upwind of the crest (Fig. 2d). The results
are averaged over time and over the spanwise
direction and they are non-dimensionalized with
the free stream velocity U0. Different lines corre-
spond to the different SGS models under considera-
tion: the Smagorinsky model with two different
matching functions (SMAG-1: C0 ¼ 0:17 and n ¼ 1;
and SMAG-2: C0 ¼ 0:1 and n ¼ 1 in Eq. (3)), the
Lagrangian dynamic model, and the scale-depen-
dent Lagrangian dynamic model. Results are
compared with wind tunnel data (symbols) of Gong
et al. (1996). From Fig. 2a we find that the
Lagrangian dynamic model clearly overestimates
the average velocity near the surface by as much as
20%. This behavior of the velocity profile over the
hill crest obtained with the Lagrangian dynamic
model is consistent with the velocity overestimation
of about 25% reported by Iizuka and Kondo (2004)
in their large-eddy simulations of flow over a single
two-dimensional hill using the same SGS model.
The results from the Smagorinsky model show
substantial sensitivity to the choice of parameters
and, consequently, the shape of the matching
function. The scale-dependent dynamic procedure,
which retains the advantage of dynamic models of
not requiring any parameter tuning, substantially
improves the simulation results with respect to the
scale-invariant dynamic model.

The simulated velocity profiles at 1/4 wavelength
downwind of the wave crest (Fig. 2b) and in the
wave trough (Fig. 2c) show relatively small sensi-
tivity to the SGS model, compared with the results
over the wave crest (Fig. 2a). The simulated
velocities are close to the measurements above a
height of about 30mm in Fig. 2b and about 50mm
in Fig. 2c. Note that the region below those heights,
as reported in Gong et al. (1996), corresponds to the
upper limit of a flow recirculation zone that
develops downwind of the wave crest. In the
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anemometer, which cannot distinguish between
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with previous studies over flat terrain (Porté-Agel
et al., 2000; Bou-Zeid et al., 2005). The Lagrangian
scale-dependent dynamic model improves the re-
sults with respect to its scale-invariant counterpart,
though still overestimating the level of fluctuations
of the velocity field.

In order to illustrate the resolution sensitivity of
the simulation results, mean velocity profiles over
the hill crest, obtained with the scale-invariant and
scale-dependent dynamic models, are presented in
Figs. 4a and 4b, respectively. The results from the
scale-invariant dynamic model show clear resolu-
tion dependence, in contrast with the smaller

resolution effects obtained with the scale-dependent
dynamic model. Similar differences in the resolution
effects (not shown here) are found for the simula-
tion results at other locations in the flow.

The dynamically calculated values of the model
coefficient C2

S obtained using the Lagrangian
dynamic and scale-dependent Lagrangian dynamic
models are presented in Figs. 5 and 6, respectively.
As expected, for any given horizontal position, both
coefficients decrease as the distance to the surface
decreases in order to account for the reduction in
the characteristic scale of the turbulence near the
surface. In addition, there is a clear dependence of
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Example:	  Grid	  resoluOon	  
• 	  An	  example	  from	  Sullivan	  and	  Pa[on,	  2011	  

• 	  Re	  examined	  a	  typical	  flow	  used	  in	  atmospheric	  simulaOons	  as	  an	  analog	  for	  dayOme	  condiOons	  –	  
high-‐Re	  weakly	  sheared	  convecOon.	  
• 	  Goal:	  understand	  mesh	  dependence	  of	  a	  parOcular	  SGS	  model	  (Deardorff,	  1980	  type,	  1-‐equaOon)	  

• 	  Domain:	  5120	  x	  5120	  x	  2048	  m	  (x,y,z)	  
Anexcellent and insightful discussion of the subgrid-scale
dynamics contained in (1c) is given by Moeng and
Wyngaard (1988, 3581–3585). We are aware that the
specification of the subgrid-scale fluxes using a TKE eddy
viscosity model is one of many proposals available in the
literature (see, e.g., Meneveau and Katz 2000; Geurts
2001; Sullivan et al. 2003; Wyngaard 2004b). However,
the objective here is not to focus on the impact of dif-
ferent SGS prescriptions but rather to examine the so-
lutionmesh dependence given a particular choice of SGS.
An important difference between smooth and rough

wall LES is the specification of surface boundary con-
ditions. As is common practice with geophysical flows,
we impose rough wall boundary conditions based on
a drag rule where the surface transfer coefficients are
determined from Monin–Obukhov similarity functions
(Moeng 1984; Moeng and Sullivan 1994). A high Rey-
nolds number model for viscous dissipation is used in
(1c) [see discussion near (6)]. Thus, molecular viscosity
and diffusivity do not appear in the LES equation set.
The sidewall (x, y) boundary conditions are periodic and
a radiation boundary condition (Klemp and Durran
1983) is used at the top of the domain.
In our LES code, (1) are integrated in time using a

fractional step method. The spatial discretization is
second-order finite difference in the vertical direction
and pseudospectral in the horizontal planes. The re-
solved vertical fluxwu in (1b) receives special treatment.
It is determined using a second-order near monotone
scheme described by Beets and Koren (1996) (see also
Koren 1993). This upwind scheme prevents unrealizable
oscillations in regions of strong vertical scalar gradients.
Dynamic time stepping utilizing a third-order Runge–
Kutta schemewith a fixedCourant–Fredrichs–Lewy (CFL)
number (Sullivan et al. 1996; Spalart et al. 1991) is em-
ployed. Evaluating horizontal derivatives with fast Four-
ier transforms (FFTs) and solving the elliptic pressure
equation are nonlocal operations that impact the code
parallelization (see the appendix).

3. Design of LES experiments

A suite of simulations on a fixed computational do-
main with varying grid resolutions is performed to ex-
amine the convergence of the LES equations given in
section 2 using the parallel algorithm described in the
appendix. A canonical daytime convective PBL is sim-
ulated in a computational domain (Lx, Ly, Lz) 5 (5120,
5120, 2048) m. Six simulations are performed with grid
meshes of 323, 643, 1283, 2563, 5123, and 10243, and for
each mesh the spacing is held constant in the three (x, y,
z) directions (see Table 1). The PBL is driven by a con-
stant surface buoyancy flux Q* 5 0.24 K m s21 and
weak geostrophic winds (Ug, Vg) 5 (1, 0) m s21. Other
external inputs are surface roughness z0 5 0.1 m, Cori-
olis parameter f 5 1 3 1024 s21, and initial inversion
height zi;1024 m. In terms of the initial PBL height, the
computational domain is (Lx,Ly,Lz)/zi5 (5, 5, 2), which
is sufficient to allow fully turbulent flow fields to develop
independently of the periodic sidewall boundary con-
ditions (e.g., Schmidt and Schumann 1989). At long time
scales (t $ 8 h) the horizontal domain should be ex-
panded to accommodate the very large structures that
can develop under persistent forcing, as discovered by
Jonker et al. (1999) and de Roode et al. (2004).
The initial sounding of virtual potential temperature

(to streamline the text, hereafter virtual potential tem-
perature u is simply referred to as ‘‘temperature’’) has
a three-layer structure:

u(z)5

300 K : 0, z, 974 m

300 K1 (z 2 974 m) 0:08 Km21 : 974, z, 1074 m

308 K1 (z 2 1074 m) 0:003 Km21 : z, 1074 m

.

8
><

>:
(4)

Thus, a sharp jump in temperature of 8 K is imposed
over a depth of 100 m near the top of the PBL. For this
combination of geostrophic wind and surface buoyancy
flux the Monin–Obukhov length scale L ’ 21.5 m and
thus the PBL is dominated by convective forcing since
2zi/L 5 O(500). All simulations are started from small
random seed perturbations in temperature near the

surface. The simulations are carried forward for about
25 large eddy turnover times T 5 zi/w*, where the
Deardorff convective velocity scale w* 5 (gQ*zi/u0)

1/3.
At each time step, the boundary layer top zi is diagnosed
using the ‘‘maximum gradient method’’ (Sullivan et al.
1998). Statistics are generated by averaging in horizontal
x–y planes and over the time interval 10T–25T; these

TABLE 1. Simulation grid spacings.

Run Grid points (Dx, Dy, Dz) (m) Df (m)

A 323 (160, 160, 64) 154
B 643 (80, 80, 32) 77.2
C 1283 (40, 40, 16) 38.6
D 2563 (20, 20, 8) 19.3
E 5123 (10, 10, 4) 9.6
F 10243 (5, 5, 2) 4.8
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Anexcellent and insightful discussion of the subgrid-scale
dynamics contained in (1c) is given by Moeng and
Wyngaard (1988, 3581–3585). We are aware that the
specification of the subgrid-scale fluxes using a TKE eddy
viscosity model is one of many proposals available in the
literature (see, e.g., Meneveau and Katz 2000; Geurts
2001; Sullivan et al. 2003; Wyngaard 2004b). However,
the objective here is not to focus on the impact of dif-
ferent SGS prescriptions but rather to examine the so-
lutionmesh dependence given a particular choice of SGS.
An important difference between smooth and rough

wall LES is the specification of surface boundary con-
ditions. As is common practice with geophysical flows,
we impose rough wall boundary conditions based on
a drag rule where the surface transfer coefficients are
determined from Monin–Obukhov similarity functions
(Moeng 1984; Moeng and Sullivan 1994). A high Rey-
nolds number model for viscous dissipation is used in
(1c) [see discussion near (6)]. Thus, molecular viscosity
and diffusivity do not appear in the LES equation set.
The sidewall (x, y) boundary conditions are periodic and
a radiation boundary condition (Klemp and Durran
1983) is used at the top of the domain.
In our LES code, (1) are integrated in time using a

fractional step method. The spatial discretization is
second-order finite difference in the vertical direction
and pseudospectral in the horizontal planes. The re-
solved vertical fluxwu in (1b) receives special treatment.
It is determined using a second-order near monotone
scheme described by Beets and Koren (1996) (see also
Koren 1993). This upwind scheme prevents unrealizable
oscillations in regions of strong vertical scalar gradients.
Dynamic time stepping utilizing a third-order Runge–
Kutta schemewith a fixedCourant–Fredrichs–Lewy (CFL)
number (Sullivan et al. 1996; Spalart et al. 1991) is em-
ployed. Evaluating horizontal derivatives with fast Four-
ier transforms (FFTs) and solving the elliptic pressure
equation are nonlocal operations that impact the code
parallelization (see the appendix).

3. Design of LES experiments

A suite of simulations on a fixed computational do-
main with varying grid resolutions is performed to ex-
amine the convergence of the LES equations given in
section 2 using the parallel algorithm described in the
appendix. A canonical daytime convective PBL is sim-
ulated in a computational domain (Lx, Ly, Lz) 5 (5120,
5120, 2048) m. Six simulations are performed with grid
meshes of 323, 643, 1283, 2563, 5123, and 10243, and for
each mesh the spacing is held constant in the three (x, y,
z) directions (see Table 1). The PBL is driven by a con-
stant surface buoyancy flux Q* 5 0.24 K m s21 and
weak geostrophic winds (Ug, Vg) 5 (1, 0) m s21. Other
external inputs are surface roughness z0 5 0.1 m, Cori-
olis parameter f 5 1 3 1024 s21, and initial inversion
height zi;1024 m. In terms of the initial PBL height, the
computational domain is (Lx,Ly,Lz)/zi5 (5, 5, 2), which
is sufficient to allow fully turbulent flow fields to develop
independently of the periodic sidewall boundary con-
ditions (e.g., Schmidt and Schumann 1989). At long time
scales (t $ 8 h) the horizontal domain should be ex-
panded to accommodate the very large structures that
can develop under persistent forcing, as discovered by
Jonker et al. (1999) and de Roode et al. (2004).
The initial sounding of virtual potential temperature

(to streamline the text, hereafter virtual potential tem-
perature u is simply referred to as ‘‘temperature’’) has
a three-layer structure:

u(z)5

300 K : 0, z, 974 m

300 K1 (z 2 974 m) 0:08 Km21 : 974, z, 1074 m

308 K1 (z 2 1074 m) 0:003 Km21 : z, 1074 m

.
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>:
(4)

Thus, a sharp jump in temperature of 8 K is imposed
over a depth of 100 m near the top of the PBL. For this
combination of geostrophic wind and surface buoyancy
flux the Monin–Obukhov length scale L ’ 21.5 m and
thus the PBL is dominated by convective forcing since
2zi/L 5 O(500). All simulations are started from small
random seed perturbations in temperature near the

surface. The simulations are carried forward for about
25 large eddy turnover times T 5 zi/w*, where the
Deardorff convective velocity scale w* 5 (gQ*zi/u0)

1/3.
At each time step, the boundary layer top zi is diagnosed
using the ‘‘maximum gradient method’’ (Sullivan et al.
1998). Statistics are generated by averaging in horizontal
x–y planes and over the time interval 10T–25T; these

TABLE 1. Simulation grid spacings.

Run Grid points (Dx, Dy, Dz) (m) Df (m)

A 323 (160, 160, 64) 154
B 643 (80, 80, 32) 77.2
C 1283 (40, 40, 16) 38.6
D 2563 (20, 20, 8) 19.3
E 5123 (10, 10, 4) 9.6
F 10243 (5, 5, 2) 4.8
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boundary layer 0.1, z/zi, 0.9. The profile of hu(z)i near
the surface and in particular near zi exhibits a grid reso-
lution sensitivity that impacts the interior temperatures.
Since the surface heating is constant in time across the
simulations, the increased warming observed in the mid-
PBL with the lower-resolution simulations must result
from an increase in entrainment, as discussed below.
Recall that all simulations are initiated with the same
three-layer temperature sounding (4); however, on the
coarse meshes the temperature profile reaches a quasi-
equilibrium state with a much weaker inversion.
The response of the temperature flux profiles to the

varying mean u profiles, shown in Fig. 3, is interesting.
Despite the radical changes to the overlying tempera-
ture structure with varying mesh, all the temperature
flux profiles decrease linearly over the boundary layer,
reaching a minimum (negative) value near and below
zi. Note that Fig. 3 shows the total temperature flux
(i.e., the sum of resolved plus subgrid-scale fluxes where
the latter is retrieved from the SGS eddy viscosity
model B ! k̂ 5 2nH›u/›z). The minimum temperature
flux hw0u01B ! k̂imin/Q*’20:2 is weakly dependent on
the mesh resolution; it becomes slightly less negative as
Df decreases. However, the depth of the entrainment
zone, defined as the layer where the temperature flux is
less than zero, expands considerably as the mesh is
coarsened. This is consistent with the observed changes
in the mean temperature profiles.

The temporal variation of the boundary layer in-
version height zi(t), shown in Fig. 4, is a strong measure
of solution convergence. Here zi is determined using the
maximum vertical gradient in temperature; that is, for
each x, y gridpoint we search along a vertical column to
find the location of the maximum in ›u/›z and then
horizontally average all those positions to define zi at
a particular t. This technique closely tracks local changes
in the inversion (Sullivan et al. 1998; Davis et al. 2000).
We notice immediately that the boundary layer in the
low-resolution simulations entrains fluid much more
rapidly than in the fine-mesh simulations, which reflects
the weakened inversions discussed previously. A critical
parameter, the entrainment rate we 5 dzi/dt, is then
a function of the mesh resolution; we determined from
a linear least squares curve fit to the variation of zi(t)
over the interval 10T–25T is listed in Table 2. In the
coarse 323 simulation the nondimensional entrainment
rate we/w*; 9.23 1023, which is more than 85% larger
than the finest 10243 resolution run. Notice in Table 2
that the entrainment rate does not change appreciably
once the mesh resolution exceeds 2563, while the en-
trainment rate from the 1283 simulation is about 30%
larger than the average of the fine-mesh runs (runs D, E,
and F).
To further expose the coupling between the mean

temperature field and turbulence in the entrainment
zone we examine the average budget equations for the
resolved vertical temperature flux and temperature
variance (e.g., see Mironov et al. 2000):

FIG. 2. Vertical profile of virtual potential temperature hui for
varying mesh resolution. Note all simulations are started with the
same three-layer structure for virtual potential temperature ui,
indicated by the dotted line.

FIG. 3. Vertical profile of total temperature flux hw0u01B ! k̂i/Q*
for varying mesh resolution.
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Anexcellent and insightful discussion of the subgrid-scale
dynamics contained in (1c) is given by Moeng and
Wyngaard (1988, 3581–3585). We are aware that the
specification of the subgrid-scale fluxes using a TKE eddy
viscosity model is one of many proposals available in the
literature (see, e.g., Meneveau and Katz 2000; Geurts
2001; Sullivan et al. 2003; Wyngaard 2004b). However,
the objective here is not to focus on the impact of dif-
ferent SGS prescriptions but rather to examine the so-
lutionmesh dependence given a particular choice of SGS.
An important difference between smooth and rough

wall LES is the specification of surface boundary con-
ditions. As is common practice with geophysical flows,
we impose rough wall boundary conditions based on
a drag rule where the surface transfer coefficients are
determined from Monin–Obukhov similarity functions
(Moeng 1984; Moeng and Sullivan 1994). A high Rey-
nolds number model for viscous dissipation is used in
(1c) [see discussion near (6)]. Thus, molecular viscosity
and diffusivity do not appear in the LES equation set.
The sidewall (x, y) boundary conditions are periodic and
a radiation boundary condition (Klemp and Durran
1983) is used at the top of the domain.
In our LES code, (1) are integrated in time using a

fractional step method. The spatial discretization is
second-order finite difference in the vertical direction
and pseudospectral in the horizontal planes. The re-
solved vertical fluxwu in (1b) receives special treatment.
It is determined using a second-order near monotone
scheme described by Beets and Koren (1996) (see also
Koren 1993). This upwind scheme prevents unrealizable
oscillations in regions of strong vertical scalar gradients.
Dynamic time stepping utilizing a third-order Runge–
Kutta schemewith a fixedCourant–Fredrichs–Lewy (CFL)
number (Sullivan et al. 1996; Spalart et al. 1991) is em-
ployed. Evaluating horizontal derivatives with fast Four-
ier transforms (FFTs) and solving the elliptic pressure
equation are nonlocal operations that impact the code
parallelization (see the appendix).

3. Design of LES experiments

A suite of simulations on a fixed computational do-
main with varying grid resolutions is performed to ex-
amine the convergence of the LES equations given in
section 2 using the parallel algorithm described in the
appendix. A canonical daytime convective PBL is sim-
ulated in a computational domain (Lx, Ly, Lz) 5 (5120,
5120, 2048) m. Six simulations are performed with grid
meshes of 323, 643, 1283, 2563, 5123, and 10243, and for
each mesh the spacing is held constant in the three (x, y,
z) directions (see Table 1). The PBL is driven by a con-
stant surface buoyancy flux Q* 5 0.24 K m s21 and
weak geostrophic winds (Ug, Vg) 5 (1, 0) m s21. Other
external inputs are surface roughness z0 5 0.1 m, Cori-
olis parameter f 5 1 3 1024 s21, and initial inversion
height zi;1024 m. In terms of the initial PBL height, the
computational domain is (Lx,Ly,Lz)/zi5 (5, 5, 2), which
is sufficient to allow fully turbulent flow fields to develop
independently of the periodic sidewall boundary con-
ditions (e.g., Schmidt and Schumann 1989). At long time
scales (t $ 8 h) the horizontal domain should be ex-
panded to accommodate the very large structures that
can develop under persistent forcing, as discovered by
Jonker et al. (1999) and de Roode et al. (2004).
The initial sounding of virtual potential temperature

(to streamline the text, hereafter virtual potential tem-
perature u is simply referred to as ‘‘temperature’’) has
a three-layer structure:

u(z)5

300 K : 0, z, 974 m

300 K1 (z 2 974 m) 0:08 Km21 : 974, z, 1074 m

308 K1 (z 2 1074 m) 0:003 Km21 : z, 1074 m
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Thus, a sharp jump in temperature of 8 K is imposed
over a depth of 100 m near the top of the PBL. For this
combination of geostrophic wind and surface buoyancy
flux the Monin–Obukhov length scale L ’ 21.5 m and
thus the PBL is dominated by convective forcing since
2zi/L 5 O(500). All simulations are started from small
random seed perturbations in temperature near the

surface. The simulations are carried forward for about
25 large eddy turnover times T 5 zi/w*, where the
Deardorff convective velocity scale w* 5 (gQ*zi/u0)

1/3.
At each time step, the boundary layer top zi is diagnosed
using the ‘‘maximum gradient method’’ (Sullivan et al.
1998). Statistics are generated by averaging in horizontal
x–y planes and over the time interval 10T–25T; these

TABLE 1. Simulation grid spacings.

Run Grid points (Dx, Dy, Dz) (m) Df (m)

A 323 (160, 160, 64) 154
B 643 (80, 80, 32) 77.2
C 1283 (40, 40, 16) 38.6
D 2563 (20, 20, 8) 19.3
E 5123 (10, 10, 4) 9.6
F 10243 (5, 5, 2) 4.8
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is observed. With decreasing grid resolution Sw becomes
larger and shows a pronounced maximum below the in-
version. In the PBL interior (0.1 , z/zi , 0.9), the
skewness estimates appear to converge when zi/(CsDf).
310 or greater (i.e., when themesh is greater than or equal
to 2563). Near the lower boundary (z/zi , 0.4) the
skewness estimates on the 2563, 5123, and 10243 meshes
are in good agreement with the few available observa-
tions. Above z/zi . 0.75, we have no compelling expla-
nation for the differences between the fine-mesh LES
predictions and the few observations but note that the
presence of wind shear reduces vertical velocity skewness
(Fedorovich et al. 2001, 2004; Lothon et al. 2010). Also,
the temporal averaging needed to obtain reliable skew-
ness estimates increases with z (Lenschow et al. 1994),
which adds uncertainty to the observations of Sw in the
upper PBL. Recently, Lenschow et al. (2011) analyzed
vertical velocity collected froma ground-based lidar, over
a wider range of shear and convective forcing, and find
that their measurements of Sw bracket our LES results.
Our interpretation of Fig. 9 hinges on the behavior

and modeling of the subgrid-scale fluxes in LES. To
expose this dependence we introduce the definitions of
the third- and second-order SGS moments

c5w2 2 w2[ww 2 ww, (14a)

f5w3 2 w3[www 2 www, (14b)

where (!) indicates a spatially filtered variable. Because
the filtering operator commutes with ensemble
averaging—that is, hw3i[ hw3i5 hw3i—the total skew-
ness given by (12) is next written in terms of resolved
and subgrid contributions defined by (14):

Sw 5
hw3i1hfi

(hw2i 1 hci)3/2
. (15)

Algebraic manipulation of (15) utilizing (14) leads to

Sw 5 Sw
(12 ĉ)3/2

(1 2 f̂)
, (16)

where Sw is the resolved-scale skewness (13) and

ĉ5 hci/hw2i, (17a)

f̂5 hfi/hw3i, (17b)

are nondimensional second- and third-order SGS mo-
ments. Equation (16) is useful—it defines the total
skewness in terms of LES resolved and subgrid-scale
variables.
To evaluate the importance of the SGS moments

(ĉ, f̂) to vertical velocity skewness we filter the 10243

simulation results to produce resolved and SGS vari-
ables on a coarser mesh. This step is justified since the
LES solutions for vertical velocity are converged at this
mesh resolution with a negligible contribution from the
SGS (see Fig. 6a). The vertical velocity field from cases
E and F are filtered in horizontal x–y planes to a reso-
lution of 642 using a sharp spectral filter—no filtering is
applied in the z direction. Tong et al. (1998) show that
2D filtering in a plane is a good approximation to 3D
filtering. As an independent check we verified that the
filtered fields satisfy (16) exactly.
Vertical profiles of skewness and SGS moments con-

structed from the filtered 10243 simulation (referred to
as case Ff) are presented in Fig. 10; results obtained from
filtering case E are similar. The skewness estimates from
Ff are similar to the comparable 643 coarse simulation
result (i.e., small in the surface layer and large near the
inversion) but exhibit important quantitative differ-
ences. In the surface layer, the skewness from case Ff is
always positive except very near the ground, in contrast
to simulation B. This is in agreement with our physical
expectation. Also the skewness from Ff matches the
high-resolution result in the mid-PBL. The SGS mo-
ments in Fig. 10b illustrate the shortcomings of the

FIG. 9. Effect of mesh resolution on resolved vertical velocity
skewness Sw. The lines legend indicates themesh size of the various
simulations. The skewness is computed using the resolved (or fil-
tered) vertical velocity field w5w0. The observations are taken
from the results provided in Moeng and Rotunno (1990).
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moments (ga, gb) are broadly similar to the (w, u) vari-
ances, respectively. Each displays reasonable conver-
gence in the interior of the PBL on the fine meshes.
There is a clear mesh dependence in the inversion layer
and also near the surface for the gb moment. This is
a consequence of the temperature variance mesh de-
pendence. Hence LES that utilize eddy viscosity clo-
sures require a very fine mesh to adequately estimate
high-order moments in the inversion and wall regions.

f. Flow visualization

A complete discussion of the impact of mesh resolu-
tion on the formation and dynamics of coherent struc-
tures and their connection to the statistical moments in
the convective PBL is beyond the scope of the present
work. Here we briefly illustrate one aspect of large- and
small-scale interaction that can occur in high-resolution
LES. In Fig. 13, we observe the classic formation of
plumes in a convective PBL. Vigorous thermal plumes
near the top of the PBL can trace their roots through the
middle of the PBL down to the surface layer. Conver-
gence at the common corners of the hexagonal patterns
in the surface layer leads to the formation of strong
updrafts that evolve into large-scale plumes that fill and
dominate the dynamics of the daytime PBL. Near the
inversion a descending shell of motion readily develops
around each plume.
Closer inspection of the large-scale flow patterns in

Fig. 13 also reveals coherent smaller-scale structures.

This is demonstrated in Fig. 14 where we track the evo-
lution of 105 particles over about 400 s. Over the limited
region where the particles are released the flow is domi-
nated by a persistent line of larger-scale upward convec-
tion. On either side of the convection line descending
motion develops and near the surface these downdrafts
turn laterally and converge. The outcome of this surface
layer convergence spawns many small-scale vertically
oriented vortices that resemble dust devils. These rapidly
rotating vortices are readily observed, persist in time, and
rotate in both clockwise and counterclockwise directions.
Often the vortices coalesce in a region where a coherent
thermal plume erupts. Coarse-mesh LES hints at these
coherent vortices but fine-resolution simulations allow a
detailed examination of their dynamics within the larger-
scale flow. Previously, Kanak (2005) observed the for-
mation of dust devils in convective simulations, but in
small computational domains O(750 m).

5. Summary

A highly parallel large-eddy simulation (LES) code
for the atmospheric boundary layer is developed based
on a high-Reynolds number Boussinesq flowmodel with
a fully rough lower boundary. The numerical scheme
employs pseudospectral differencing in horizontal planes
and solves an elliptic pressure Poisson equation utilizing
2D domain decomposition. Despite these global opera-
tions, the code exhibits both weak and strong scaling over

FIG. 12. Effect of mesh resolution on resolved third-order moments (left) ga 5 hw02u0i and
(right) gb 5 hw0u02i.
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