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StaMsMcal CondiMons for a SGS model 
•  What condiMons should a SGS model saMsfy? 

‐Specifically we are interested in answering the quesMon what sta$s$cal properMes should 
τij and τijmod share? 

‐We know a “good” model should adhere to our equaMons of moMon: 
•  Invariance to translaMon, rotaMon, and reflecMon (in the absence of boundaries) 
•  Hopefully, invariance to Re 
•  Ideally, invariant to Δ 

‐To get more specific than this, we need to talk about sta$s$cs of SGS models (Meneveau, 
Physics of Fluids, 1994). 

•  To obtain correct 1st and 2nd order moments of our resolved field, our model must 
at least be able to produce average modeled stresses that match the real stresses 
everywhere. 
•  This doesn’t guarantee that our 2nd order moments are correct it is only a 
necessary condi$on. 
•  To produce 2nd order moments, we need to have our model reproduce 2nd and 3rd 
order SGS stats including stresses and correlaMons (e.g. stresses with velocity or 
gradients).  This includes matching <Π> everywhere.  
•  For even higher order moments we need to match higher order SGS stats… 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CompuMng SGS quanMMes 

•  Procedurally, How do we compute these SGS stats from data (DNS or Experiments)?  
Here is a “quick” list, also see the handout Project_apriori_study.pdf on the web. 

‐ Select your data (acer quality control) and idenMfy missing velocity or gradient terms 

‐ Separate the data into resolved and SGS scales by calculaMng      and           with an 
appropriate LES filter (see lecture 5 for the most common examples). 

• At this point, a decision must be made: to down‐sample or not (see Liu et al.,JFM 1994) 
‐Down‐sampling means removing points from the field that are separated 
(spaMally) by < our filter scale Δ (denoted by the ~). EffecMvely this means we keep 
less points than we started with (e.g. from 1283 to 323) acer filtering. 
‐Pros: we get a “true” representaMon of the effect of gradient esMmates on our 
SGS models and avoid enhanced correlaMons due to filter overlap. 
‐Cons: we lose data points (important if we have limited data) and we now need 
to consider the above gradient esMmaMon errors!  

‐ Calculate local values of all the components of                                      and                                
you can (you may need approximaMons here based on your data! 

‐ For some models you may need to calculate other parameters (e.g., mixed and nonlinear 
models) but the general procedure is the same 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CompuMng SGS quanMMes 

‐Homework #2 implemented different types of filters 

‐Once you have these basic quanMMes calculated you can calculate model values             
and staMsMcs of the actual (from data) and modeled SGS stresses including average values, 
correlaMon coefficients and variances (see project handout).  

‐We can also calculate other SGS staMsMcs like                                      and                 or any 
model coefficients of interest (see handout for an example).  

•  The following pages give some examples of SGS staMsMcs and model coefficients 
calculated form various references (discussed in class). 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SGS DissipaMon 
•  SGS Energy transfer from experiments in the Utah desert (Carper and Porté‐Agel , 2004) 

Experimental setup 

Example of Mme series of Π from the ABL (late acernoon) 

<Π>×103=7.13 m2s‐3 

σΠ×102=18.02 m2s‐3  

Example PDF of Π from the ABL (late acernoon) 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SGS DissipaMon 
•  SGS Energy transfer from wind tunnel experiments in a round jet (Liu et al., 1994) 

Top‐hat filtered PIV field 

Average Π from the wind tunnel experiment 
compared to molecular dissipaMon 

SpaMal distribuMon of Π from PIV 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SGS DissipaMon 
•  SGS Energy transfer from DNS of turbulent channel flow Re=3300 (Uc) (Piomelli et al., 1991) 

 Π normalized by the total dissipaMon 
___ average; ‐‐‐‐ rms and …. backscaxer 

FracMon of points in channel flow with 
backscaxer for 3 different filter widths 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•  backscaxer increases with Re 
•  fracMon of backscaxer points decreases for a 
Gaussian filter (cutoff results shown) to about 
30%. 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SGS Model CorrelaMon Coefficients 

CorrelaMon coefficients from Clark et al, (1979) for 
different models 

• Eddy‐viscosity‐ 
• Smagorkinsky‐ 

• KineMc energy‐ 
• VorMcity‐ 

CorrelaMon coefficients from Lu et al (2007) 
for Smagorinsky and Similarity models 

Π 

τij 

Measured (lec) and modeled (right) with the similarity 
model τ11 from Lu et al (2007). 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SGS Model Coefficient EsMmates 
Model coefficients evaluated by matching  Π from 
ABL study of Sullivan et al (2003).  

Λw is the peak in 
the w velocity 
spectra and Λf is 
the filter scale 

Smagorinsky 

Mixed model 

KineMc Energy 

Mixed KE 
Experimental setup in Colorado 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SGS Model Coefficient EsMmates 
Smagorinsky coefficients with stability (Kleissl et al, 2004) 

Experimental setup in 
Colorado 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Coherent Structures and SGS models 
•  SGS and coherent structures in the Utah desert (Carper and Porté‐Agel , 2004) 



12 

Geometric Tensor Alignment 

DefiniMon of the 3 angles needed to 
characterize the alignment of 2 tensors 
(τij and Sij) 


